
CENTRO DE INVESTIGACIÓN Y DE ESTUDIOS AVANZADOS DEL

INSTITUTO POLITÉCTINO NACIONAL
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Resumen

Los escenarios astrof́ısicos ofrecen una oportunidad única para buscar posibles señales de

nueva f́ısica debido a las altas enerǵıas y a las largas distancias que ellas implican. En-

tre estas señales, se encuentran las motivadas por violación a la invariancia de Lorentz.

Bajo este esṕıritu, en este trabajo introducimos la violación de invariancia de Lorentz

como una modificación genérica de las relaciones de dispersión de part́ıculas con el fin

de estudiar procesos de atenuación en rayos cósmicos y gamma de muy alta enerǵıa.

Mostramos que la corrección isotrópica a la relación de dispersión de fotones por vio-

lación hipotética de invariancia de Lorentz, reproduce los mismos efectos f́ısicos, para el

proceso de radiación Cherenkov en el vaćıo, que algunos modelos particulares con ruptura

espontánea de la simetŕıa de Lorentz. Mostramos también que éste proceso exhibe un

comportamiento sensible a la masa y carga del rayo cósmico primario. La aproximación

que hemos desarrollado en este trabajo la aplicamos también en el estudio de la desin-

tegración de fotones en el vaćıo por violación a la simetŕıa de Lorentz y mostramos que

aquellos fotones con enerǵıa suficientemente alta decaen muy rápido, por lo que hemos

derivado ĺımites estrictos a la escala de violación de Lorentz, por la observación directa

de fotones de muy alta enerǵıa con telescopios de rayos gamma. Por último, abordamos

los procesos de fotoproducción mediante interacción con rayos cósmicos y gammas con

el fondo difuso de fotones, y demostramos que la violación de Lorentz puede, además

de generar desplazamientos en la enerǵıa umbral de producción, suprimir el proceso de

atenuación a enerǵıas superiores a un segundo umbral bien definido.





Abstract

Astrophysical scenarios provide a unique opportunity to test the possible signatures of

Lorentz invariance violations due to the high energies and the very long distances they

involve. Following this spirit, in this work, we have used Lorentz invariance violation

introduced as a generic modification to particle dispersion relations to study high energy

cosmic ray attenuation processes. It is shown that isotropic correction to the photon

dispersion relation by hypothetical Lorentz invariance violation reproduces the same

physical effects for vacuum Cherenkov radiation as in some particular models with the

spontaneous breaking of Lorentz symmetry. We show that the last process has a depen-

dency on the cosmic ray primary mass and charge. The approximation we have achieved

in this work is also implemented to study photon decay in a vacuum. We show that

photons of sufficient energy are unstable and decay very fast; hence stringent limits to

the violation scale are derived from the direct observation of very high energy cosmic

ray photon events on gamma-ray telescopes. Finally, photoproduction processes by cos-

mic and gamma-ray primaries on photon background are also addressed to show that

Lorentz violation may turn off this attenuation process at energies above a well defined

secondary threshold, additionally to the expected threshold shift by LIV.
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Chapter 1

Introduction

Lorentz symmetry stands as one of the cornerstones of fundamental physics. None-

theless, as for any other fundamental principle, exploring its limits of validity, has been

an important motivation for theoretical and experimental research on the past [1]. Cur-

rently, supported models with Lorentz invariance violation (LIV) have renewed the in-

terest of the community due to the opportunity to observe or restrict new physics with

the recent measurements from the Observatories at the highest energies.

Lorentz invariance violation is motivated as a possible consequence of beyond the stan-

dard model (SM) theories, such as quantum gravity or string theory, just to mention

some (see for instance Refs. [1–10]). However, the lack of observations of the LIV derived

phenomena imposes limits on the validity scale of these models.

Among the approaches used to introduce LIV on particle physics, two stand out. One is

generic, and it is not (necessarily) bounded to a particular model. The other one is based

on the spontaneous breaking of the Lorentz symmetry. The former is implemented via

a general modification of the single-particle dispersion relation. In contrast, the second

mechanism introduces the standard model, a collection of LIV renormalizable operators

that preserve energy-momentum and microcausality, among other desired properties of

the Standard Model. This extension is named the minimal Lorentz-violating extension

of the Standard Model (mSME) [11].

Both mechanisms, the mSME, and the generic LIV, can lead to physics beyond Standard

Model. Nevertheless, the generic approach tends to converge quicker and simpler to

phenomenology, and it is not necessarily bound to a particular LIV model. Although

it can be compatible with the mSME, they usually express their LIV parameters in

different ways. In this thesis, we propose to use the derived physics from the mSME

as an ansatz to build a generic approach with the same physics to contrast the results
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Introduction 2

with experiments at the highest energetic window, that is, those observing cosmic and

gamma rays.

Astrophysical scenarios are an interesting place to test the possible signatures of LIV due

to the high energies and very long distances they involve. The effects of LIV are expected

to increase with energy for some energetic regime close to the Plank scale. Additionally,

the very long distances can lead to a significant LIV effect due to accumulative processes.

We have chosen to explore vacuum Cherenkov radiation and photon decay for these

purposes for the present study. Both processes are forbidden in the SM physics, but

under LIV hypothesis, they are permitted and can lead to extreme scenarios due to

their implications on cosmic and gamma-ray propagation. Once our generic approach

has been validated, we proceed to explore other processes that are also relevant for

cosmic ray propagation, photon decay, and photoproduction processes.

This thesis is organized as follows. In the next chapter, we briefly present both the

spontaneous and the generic LIV mechanisms that we use along with this work and a

brief on cosmic and gamma-ray physics. In Chapter 3, we present the derived physics

for vacuum Cherenkov radiation in two particular models of the mSME and we develop

the generic approach for the same phenomena in order to validate our approximation. In

Chapter 4, we focus on photon decay, using the LIV generic approach, to show that this

phenomenon implies a very restrictive scenario for photon propagation. Consequently,

we extract limits for the LIV scale, EQG, to first and second order on the LIV correction,

from the direct observation of very high energy photon events H.E.S.S. and HEGRA

cosmic gamma-ray telescopes. Besides, a general analysis for photoproduction processes

on the cosmic photon background, oriented to evaluate the effects of the generic LIV

effects on the determination of the energy thresholds, is presented along Chapter 5.

There, we also discuss a secondary energy threshold’s appearance, as a signature of

LIV, above which photo production becomes forbidden. Finally, the last chapter is

dedicated to summarize our results and point to further work.



Chapter 2

Framework

The present work aims to address the phenomenology derived from the LIV hypothesis

for cosmic and gamma rays. Therefore, the present chapter presents the necessary

framework to address the developments, analyses, and results presented in the following

sections. This chapter is divided into two parts; the first one exposes the Coleman and

Glashow approximation and particular examples of corrections to the dispersion relation

to addressing the generic version of the LIV-modified dispersion relation at any order n,

that we use throughout this thesis. We also present the modified Maxwell and Maxwell-

Chern-Simon theories as models developed in the literature with which we compare our

results in Chapter 3. In the second part, we approach the phenomena of cosmic rays and

gamma rays, their propagation, and name some of the observatories dedicated to their

study and have measured some of the most energetic photon events relevant to them to

the results and conclusions of this thesis.

2.1 Lorentz invariance violation

2.1.1 Basics on Lorentz invariance

To this day, nature has been shown to have four fundamental forces: electromagnetism,

weak, strong, and gravity. The first three are very well described by the standard

model of particles (SM), while gravity is described by the theory of general relativity

(GR). Both, although fundamentally different, have no contradiction in their predictions.

Nevertheless, several quantum gravity models seek to unify both fundamental theories in

a single one. Among them, we can mention string theory and loop quantum gravity. The

resulting new physics may involve new properties, such as new space-time dimensions,

scenarios with brane worlds, non-commutative geometries, space-time varying fields or

3



Framework 4

couplings, and among others, that laws of relativity may not be exact, which may derive

in a certain violation of the Lorentz invariance that can effectively manifest itself up to

some energetic scale.

The SM is a quantum field theory (QFT) build up on special relativity (SR), whose

properties and symmetries are well known. To mention some, it is invariant under

the continuous gauge symmetry SU(3)×SU(2)×U(1) and the consecutive application of

Charge conjugation, parity transformation, and Time reversal symmetry (CPT). In the

SM, some of these symmetries may be broken, explicitly like CP in the electroweak sec-

tor and some meson interactions, and spontaneously as in the electroweak model’s Higgs

mechanism. However, for local interactions of point-like particles in QFT, strong experi-

mental constraints imply that CPT must hold. Theoretically speaking, the conservation

of CPT in QFT is a consequence of Lorentz invariance. So, any CPT violation search is

also a LIV look. However, not every LIV involves a violation of CPT conservation. An

alternate form of CPT violation, which keeps LI arises when non-local interactions are

involved in the theory, but we are not concerned about those in here.

On the other hand, GR is a geometric theory where gravity’s effects are given by the

curvature of space-time and described by the metric tensor, the Riemann Curvature,

and Ricci tensors the scalar Curvature. This theory is invariant under diffeomorphisms

and is locally Lorentz invariant.

Lorentz invariance (LI) plays a central role in relativity and models that describe the

fundamental forces. It is noteworthy that in special relativity, LI holds as a global

symmetry, but it is a local symmetry in general relativity.

To illustrate LI implications in the SM and following Ref. [12], let be a scalar, vector,

tensor or a spin field, Φ, which transforms globally in some representation D of the

Lorentz group SO(1,3), also let be A ∈ O(3,1) and D(A) some finite-dimensional repre-

sentation of Lorentz group, then, the action of A on Φ is affected by a unitary operator

in Hilbert space, U(A), that satisfies:

U(A)†Φ(x)U(A) = D(A)Φ(A−1x). (2.1)

The Lie Algebra of the Lorentz group, SO(3,1), can be expressed as the complete sum

of two angular momenta, J (+) and J (−), such that

[J (+), J (−)] = 0.

An irreducible finite-dimensional representation of the group may be labeled by two half

integers, j+ and j−, and dimension (2j+ + 1)(2j− + 1). The ladder operators j+ and
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j− can take explicit values depending on the field. To specify the field classification see

Table 2.1.

Φ(x) (j+, j−) Notes

Scalar (0, 0)

Weyl spinor (1/2, 0) Depending
(0, 1/2) on its Chirality

4-vector (1/2, 1/2)

Tensor (1, 1) For a traceless and symmetric vector

(1, 0)⊕ (0, 1) For an antisymmetric tensor

Table 2.1: Field classification and values of (j+, j−).

It is well known that Lorentz transformations include rotations and Lorentz boosts, so

let be R(e, θ) a rotation on axis ~e by an angle θ and B(e, φ) a boost in a direction ~e by

rapidity φ, then, the effect of D satisfies

D(R(e, θ)) = exp−i( ~J (+) + ~J (−)) · ~e θ, (2.2)

and

D(B(e, φ)) = exp i( ~J (+) − ~J (−)) · ~e φ. (2.3)

Additionally, since CPT invariance is a consequences of LI, let be Ω the anti-unitary

CPT operator, then

Ω−1Φ(x)Ω = (−1)2j+Φ†(−x). (2.4)

Eq. (2.2) implies that every rotationally invariant term L′ in the Lagrangian must lie

in a representation form which j+ = j− = j. So, from elementary angular-momentum

theory, m runs from j− to j+ and any additional term, as presented in Ref. [12], has to

be proportional to

L′ ∝
j∑

m=−j
(−1)mΦm,−m, (2.5)

and the expectation value for a state |ψ〉 boosted in the z-direction by a rapidity φ,

should be

〈ψ| U †(B(~ezφ)) L(0) U(B(~ezφ)) |ψ〉 ∝ e2 〈ψ| Φj,−j(0) |ψ〉 +O(e(2j−2)φ). (2.6)

where the fields Φm+,m− form the basis of the irreducible representation and m± are the

eigenvalue of J
(±)
z .

Therefore, the rotationally-invariant possibilities are j = 1, 1/2, 0, which are a CPT-even

tensor, a vector CPT-odd vector and a LI scalar, respectively.
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As an example, for a real scalar field, the only possible contribution as a Lorentz invariant

needs at least two derivative operators and by renormalizability no more than two scalar

fields per term, so

1

2

∑
a

∂µφ
a∂µφa =

1

2

∑
a

(∂0φ
a∂0φa − ∂iφa∂iφa), (2.7)

where µ is a Lorentz index, and the sum runs over the scalar fields.

In the momentum space, Eq. (2.7) can lead to the LI dispersion relation for one real

scalar field of mass m,

E2 − p2 = m2. (2.8)

2.1.2 LIV-dispersion relation

2.1.2.1 Quadratic corrections

As presented in the previous section, the allowed form in Eq. (2.7) is a consequence

of global LI in the scalar sector (j = 0) in QFT. Moreover, the difference ∂0φ
a∂0φa −

∂iφ
a∂iφa is a Lorentz invariant. Hence, the following term, proposed in Coleman and

Glashow work [12], induces LIV in the scalar sector,

1

2

∑
ab

∂Cφ
aεa,b∂

Cφb, (2.9)

where the sum runs over the scalar fields, εa,b is a real symmetric matrix, and C = {0, i}
indicates either the temporal o spatial derivative.

Once the Lagrangian is established, particle properties of free fields follow from it. As

an example and for simplicity, one can look for the analogous of Eq. (2.8), the energy-

momentum relation for one real scalar field of mass m. In a Lorentz invariant theory,

− iD−1 = (p2 −m2)A(p2) (2.10)

is the re-normalized propagator for some function A. Now, adding the Lorentz-violating

interaction to the theory using some small coefficient ε, the change or shifts in the zeroes

of D−1, to first order in ε, is

E2 − p2 = m2 + ε ~p 2. (2.11)

Notice that in Eq. (2.11) the correction to the dispersion relation is quadratic.
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The generalization to more complicated systems is straightforward. For instance, for

spinors (j = 1/2), the LIV-induced term takes the form

1

2

∑
a,b

iεabu
a†~σ · ~∂ub, (2.12)

where εab is an Hermitian matrix, ua is a Weyl spinor from a set n(1/2,0) and ua† is its

conjugate field, which is a (0,1/2) spinor.

2.1.2.2 Cubic corrections

Another useful example arises from dimension five operators in an effective field theory

that would lead to O(E3) modifications of the dispersion relations. To illustrate this, we

follow the model presented in [13]. In this work, the authors adopt the approach where

Lorentz symmetry is broken by a background four-vector na. The operators satisfy:

1. It is quadratic in the same field.

2. Gauge invariant.

3. Lorentz invariant, but na.

4. Not reducible to a total derivative.

5. Not reducible to lower dimension operators by the equations of motion.

6. Have one additional derivative than the usual kinetic term.

Additionally, to ensure that all operators of dimension five can be regarded as small

perturbations, they are assumed to be suppressed by a factor of 1/MPl, where MPl is

the Plank mass scale.

For the scalar case, the possible term is a CPT-odd contribution:

L(5)scalar = i
κ

MPl
Φ̄(n · ∂)3Φ, (2.13)

where Φ could be a real or a complex scalar field1.

In the momentum space and in the Lorentz frame where na = (1, 0, 0, 0), n · ∂ ≈ −iE,

thus, Eq. (2.13) leads to the dispersion relation

E2 ≈ |~p|2 +m2 +
κ

MPl
|~p|3, (2.14)

1However, as the authors point out in [13], the real case is a total derivative and does not change the
dispersion relation.
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which is a cubic correction to the scalar dispersion relation.

For the vector case, the proposed nontrivial modification of the dispersion relations that

fulfill at leading order Maxwell equations in vacuum and Bianchi identities is

L(5)γ =
ξ

MPl
naFadn · ∂(nbF̃

bd). (2.15)

Once again, in momentum space, for photons traveling along z-axis, ka = (E, 0, 0, p)

and for transverse polarizations along xy-axes, the dispersion relation becomes(
E2 − |~p|2 ± 2ξ

MPl
p3
)

(εx ± iεy) = 0, (2.16)

where the sign of the cubic term is determined by the chirality of photons.

Finally, for spinor cases, authors in Ref. [13] propose the term

Lf =
1

MPl
Ψ̄(η1/n+ η2/nγ5)(n · ∂)2Ψ, (2.17)

where both operators are CPT-odd. Now, the dispersion relation takes the form

E2 − |~p|2 −m2 − 2|p|3

MPl
(η1 + η2γ5) = 0. (2.18)

In this effective field theory construction, Eqs. (2.14), (2.16) and (2.18) are cubic cor-

rections to the dispersion relation motivated by dimension five operators that violate LI.

2.1.2.3 n-th corrections

LIV-induced modifications to the dispersion relation are common in literature and as-

troparticle physics phenomenology, particularly those that modify the photon dispersion

relation. For instance, in Ref [14] authors use a series expansion of the form

E2 ≈ p2 ×

[
1−

inf∑
n=1

s±

(
E

EQG

)n]
, (2.19)

where, EQG is the energy scale of Quantum Gravity. At leading order term, the photon

propagation speed is

vph(E) =
∂E

∂p
≈ 1×

[
1− s±

n+ 1

2

(
E

EQG

)n]
. (2.20)

This approximation has been used to claim that due to the energy dependence of vph(E),

two photons of different energies emitted by a distant source at the same time and form
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the same location will arrive on Earth with a time delay, ∆t, which depends on their

energies. This ansatz has set several limits in EQG by the studying of TeV/MeV/GeV

emission. For instance, in Ref. [14] bright Gamma-Ray Bursts (GRB) are used.

2.1.3 Generic LIV dispersion relation

A phenomenological generalization of the previous formalisms converges to introducing

an additional term in a single particle’s dispersion relation. As it has already been said,

this generalization is perhaps the most commonly used on phenomenology studies since it

offers a clear idea on the derived physics from the LIV hypothesis and it is not necessarily

bound to a particular LIV-model [10, 15–24]. We name this generalization Generic

LIV mechanism since the extra term in the particle relation can be motivated by the

introduction of a not explicitly Lorentz invariant term at the free particle Lagrangian

as the formalism presented in Sections 2.1.2.1 and 2.1.2.2. The extra term is restricted

by a dimensionless coefficient, which we call by convenience ε.

To the lowest order, the new dispersion relation for a free particle takes the form:

E2 − p2 ± εA2 = m2, (2.21)

where (E, ~p) stand for the four momenta associated with a given particle of mass m.

We use the shorthand notation p = |~p| . A can take the form of E or p; however, for the

ultra-relativistic limit where m� {E, p}, any particular choice of A will be equivalent.

We will choose the sign of ε according to whether we correct energy or momentum,

leaving a positive sign for energy. For simplicity, we shall take A = p in most of this

thesis, but in Chapter 5, we use A = E.

The most general modification to the dispersion relation would instead involve a general

function of energy and momentum, such that one could write

E2 − p2 + ε(A)A2 = m2. (2.22)

As previous examples in Sections 2.1.2.1-2.1.2.3, we ask that the LIV term can only be

relevant at high energies, so ε should be small, which guarantees that the physics at low

energies remains Lorentz invariant. Thus, we can use a Taylor expansion

ε(A)A2 = ε(0)A2 + ε′(0)A(2+1) +
ε′′(0)

2!
A(2+2) +

ε′′′(0)

3!
A(3+2) + ... (2.23)
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However, to study the underlying physics, one can keep one term of order n at once,

assuming it as the leading term. On this assumption the dispersion relation becomes

E2 − p2 ± αnAn+2 = m2, (2.24)

where αn = 1/Mn = 1/(E
(n)
LIV )n defines the energy scale associated to the LIV physics.

ε(n) derivatives are assumed over a vactor 1/Mn. ELIV is commonly associated with

the energy scale of Quantum Gravity, EQG, which is expected to be close to the Planck

scale, EPl ∼ 1019GeV . In the literature, one can find upper limits to E
(n)
QG obtained

by different techniques, even beyond the Planck scale [14, 25–33]. A small list of the

current limits for E
(1,2)
QG is presented in Table 2.2.

Notice that the dispersion relation in Eq. (2.11) corresponds to the special case in Eq.

(2.24) for n = 0. Similarly, Eqs. (2.14), (2.16) and (2.18) stand for n = 1, and Eq.

(2.19) for any n. That is, Eq. (2.24) can be derived from a particular LIV model but it

is not necessarily bounded to them. Additional examples can be found in [10, 15–23].

Source Experiment E
(1)
QG E

(2)
QG Dist. Analysis

GRB

090510

Fermi- LAT 9.1× 1019GeV 1.3× 1011GeV z = 0.903 combined
methods

PKS

2155− 304

HESS 2.1× 1018GeV 6.4× 1010GeV z = 0.116 likelihood fit

PG 1553 +

113

HESS,
Fermi- LAT

4.3× 1017GeV 2.1× 1010GeV z ≈ 0.49 combined
analysis

Crab Veritas 1.7× 1017GeV 7× 109GeV 2.2 kpc ∆t=100µs,2

Emax=120GeV

Table 2.2: Short list of lower limits for E
(1,2)
QG [26].

2.1.4 mSME

In finding a theoretical description that includes Lorentz or CPT violation, a series of

publications dating from 1989 from Kostelecky et al. [34] have presented the develop-

ments of a theoretical framework to describe Lorentz and CPT violation. They stand

that the latter is compatible with the experimental constraints and the established quan-

tum field theory.

The theory suggests that apparent breaking of CPT and Lorentz symmetry might be

observable in existing or feasible experiments. It leads to a general phenomenology for

CPT and Lorentz violation at the level of SM of particle physics and Einstein’s theory of

2 For more details on ∆t and Emax reader could refer to section 2.1.2.3
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gravity, General Relativity. That is, Kostelecky et al. constructed a generalization of the

usual SM and GR models, such that it has the conventional and desirable properties of

the SM, but that allows violation of Lorentz and CPT symmetry, and they have called it

the standard model extension (SME). This proposes the inclusion of all the contributions

to the SM that violate Lorentz symmetry by spontaneous symmetry breaking (SSB)

[1, 2]3, i.e., all observer-scalar terms that are products of SM and gravitational fields

which are not Lorentz invariant and generically require couplings that explicitly carry

Lorentz indices.

The minimum set of such operators that maintain gauge invariance and power-counting

renormalizability conform to the so-called mSME [11]. A useful classification of these

new terms arises by separating out the sectors of the SM, such as the Llepton or Lgauge,
for lepton or gauge sectors, respectively. Additionally, such operators can be classified

into those that break CPT symmetry and those that do not. They are named CPT-

odd and CPT-even respectively. For a complete list of the operators in the mSME see

Appendix A.

For this work, we have chosen the photon sector with the following additional contribu-

tions to the standard Lagrangian density,

LCPT−evenphoton = −1

4
(kF )ρλµνF

ρλFµν , (2.25)

and

LCPT−oddphoton =
1

2
(kAF )ρερλµνA

λFµν , (2.26)

with the gauge field Aµ and the field strength tensor Fµν = ∂µAν−∂νAµ. In above εµνρλ

is the antisymmetric Levi-Civita symbol. The coefficients kF and kAF in Eqs. (2.25)

and (2.26) are the ones that break particle Lorentz Invariance. To fulfill power-counting

renormalizability, kF should be dimensionless and kAF should has a mass dimension

one. On the analysis regarding this sector, it is usual not to assume the simultaneous

presence of LIV corrections for fermions, and we are going to do so in our study along

the following sections.

The CPT-even term can be studied separately as in the so-called modified Maxwell

theory (modM [35]),

LmodM = −1

4
FµνF

µν − 1

4
κµνρλFµνF

ρλ. (2.27)

κµνρλ is a dimensionless fourth rank tensor, with 256 components, but it is usually

assumed to have vanishing double trace, κµνµν = 0, since any trace component can be

3 The use of spontaneous breaking of Lorentz symmetry can be traced back by Y. Nambu in 1968
[1]. A fine review of state of the art can be found in [2].
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redefined in the kinetic photon term. It is also demanded to obey the same symmetries

which hold for the Riemann curvature tensor,

κµνρλ = −κνµρλ = κνµλρ, κµνρλ = κρλµν , (2.28)

such that only 19 independent components remain [36]. However, the following ansatz,

used in Ref. [11, 35], reduces the number of independent parameters from 19 to 1.

κµνρλ =
1

2
(ηµρκ̃νλ − ηµλκ̃νρ + ηνλκ̃µρ − ηνρκ̃µλ), (2.29)

and

κ̃µν =
3

2
κ̃tr diag(1, 1/3, 1/3, 1/3), (2.30)

where Eq. (2.29) restricts the theory to the nonbirefringent sector, and Eq. (2.30) does

it to the isotropic sector.

On the other hand, the CPT-odd term is studied in the spacelike Maxwell-Chern-Simons

theory (MCS [37]), with the following Lagrangian density,

LMCS = −1

4
FµνF

µν +
1

4
MCSεµνρλξ

µAνF ρλ, (2.31)

where MCS ∼ 1/L0 ≈ 2 × 10−33 eV is the Chern-Simons mass scale [37, 38] and

ξµ = (0, 0, 0, 1) is the fixed space-like normalized Chern-Simons vector. Notice that

this model is not rotationally invariant, so energy-momentum will be conserved but

angular momentum shall not.

It is noteworthy that in Eqs. (2.24), (2.25) and (2.26) the involved coefficients are not

necessarily the same and so, numerically,

kF 6= kAF 6= αn, (2.32)

despite that, all of them parametrize the LIV hypothesis. Hence, the values and limits

that can be derived for them shall be different too. Therefore, for comparison proposes

with the LIV generic approach, we will use the limit values given in the literature for

the involved parameters of modM and MCS models. For a complete list of the current

constraints and limits of the SME see [39].
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2.2 A Brief on Cosmic and Gamma Ray Physics

2.2.1 Cosmic Rays

Cosmic rays (CR) are the most energetic phenomena known so far, reaching energies of

some decades of EeV [40]. Among the many particulars their study and understanding

reveal, they also provide an energy window to test fundamental physics. Such is the

case of the search for signatures of LIV.

Today we know that there are cosmic rays from our Solar System, our Galaxy, and

beyond. However, the origin of the most energetic particles remains an open question.

Most of the cosmic rays are charged particles and atomic nuclei. They commonly have a

lifetime of the order of 106 years or more. Cosmic rays generated and accelerated at an

astrophysical source can be protons, electrons, helium nuclei, oxygen, iron, and other ba-

sic elements made in the stars. In their interstellar and intergalactic propagation, they

interact with the interstellar media and interstellar magnetic field, generating a sec-

ondary contribution of boron, lithium, beryllium, and another atomic nucleus. Cosmic

rays that arrive at the top of the Earth’s atmosphere are named primary CR. Secondary

CRs are the result of interactions among primary CR and atomic nuclei in the atmo-

sphere. These interactions usually take place at an altitude between 10 to 15 kilometers

from the ground. The primary energy is divided among the secondaries that repeat the

process. As a result, a particle shower is created.

The passage of CR through the atmosphere excites nitrogen molecules from the air

and produces ultraviolet (UV) light, seen by fluorescence detectors. At ground level,

secondaries can be detected in arrays of particle detectors, such as scintillation counters

or water tanks. At sea level, the most common secondary cosmic rays are muons. These,

on average, arrive at sea level with an energy of the order of four GeV with a rate of a

muon per cm2 per minute. Only muons, neutrinos, and antineutrinos can penetrate and

spread significantly through the Earth’s crust.

2.2.1.1 Cosmic ray energy spectrum

The cosmic ray energy spectrum varies continuously from energies of the order of 10

MeV to extraordinarily high energies of the order of 1020 or 1021 eV, as is depicted in

Fig. 2.1. It has been estimated that although 1013 cosmic rays from outer space hit the

top of the atmosphere per second, the total energy received by the Earth from them is

comparable to that associated with the light from the stars at sea level.
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The intensity of cosmic rays changes with latitude: in the North and South poles’

direction, it is greater than that at the equator (approximately 10 percent). This effect

is due to the Earth’s magnetic field, in those regions, which deflects cosmic charged

particles at low energies, which are the most abundant in the CR flux.

Figure 2.1: The cosmic ray energy spectrum. It covers at least 11 orders of magnitude
in the energy and close to 32 orders in the flux. Measurements by several Observatories

are compatible with the shape of the spectrum. [41]

The cosmic ray energy spectrum has an approximate power law behaviour, given by

dN

dE
∝ E−α, (2.33)

where α is the spectral index, α ≈ 2.7. It has been shown that the all-particle spectrum

shows two main features, which are called the knee and ankle at 2 − 5 × 1015 eV and

2 − 8 × 1018 eV, respectively. At the knee the spectrum steepens to α ≈ 3.0, while the

ankle is characterized by a flattening of the spectrum by where the spectral index backs

to α ≈ 2.7 [42]. Additionally, somewhere in the energy range from 1016eV to a few 1018

eV, the end of cosmic rays of galactic origin is expected. Thus, knee-like features could be

distributed inside this energy interval. Experiments as KASKADE-Grande have been

studying the possible presence of these individual features in the all-particle energy

spectrum, called de 2nd knee [42–45]. At energies above the ankle, in the UHECR

regime, α = 2.8 and is followed by a sharp ending of the spectrum [40], where the

cosmic ray flux is about one CR with the energy of 1020eV per km2 per century. This

suppression is commonly associated with the Greisen-Zatsepin-Kuzmin (GZK) cutoff

[40, 46, 47]. This comes about because hadronic particles, such as protons, interact with

the cosmic microwave background (CMB) through the following reactions:

γ + p→ ∆+ → p+ π0, (2.34)
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γ + p→ ∆+ → n+ π+. (2.35)

Using special relativity, the threshold energy of the pion photoproduction in a Lorentz

invariance regime is

Epth ≈
mπ(2mp +mπ)

4ωb
, ∼ 1× 1020eV. (2.36)

where ωb ≈ 2.7 K × (11 604.5 eV/K)−1 ≈ 2.3 × 10−4eV is the CMB photon energy;

mp ≈ 938.27 MeV and mπ ≈ 134.98 MeV, are the rest masses of the proton and

neutral pion, respectively, and Epth is the threshold energy of the incident proton in the

laboratory system for pion photoproduction.

The effective cross section for the processes in reactions (2.34-2.35) and close to the

threshold is σ = 2 × 10−28 cm2, while the total microwave density is ρ = 400 cm−3.

Thus, the mean free path for the above collision is about λ = 1
ρσ = 1025 cm. So,

cosmic rays with energies above 1020 eV that travel distances greater than 1025cm will

be attenuated to energies lower than the threshold Epth .

Strong consequences are derived from this phenomenon, such that the origin of the

UHECR must be from cosmologically close sources. The energy calculated in Eq. (2.36)

predicts the so-called GZK horizon, corresponding to ∼ 50 Mpc for protons, the maxi-

mum distance from which the UHECR-protons would come. LI plays a central role in

this prediction. In Chapter 6, we present scenarios where the introduction of LIV could

drastically change this conclusion.

The origin, production, acceleration, and propagation mechanisms of UHECR and be-

yond are still unknown. The mass composition of UHECR is expected to reveal valuable

information on the origin and acceleration mechanisms [48]. The existence of a light

component in the CR flux at the highest energies is crucial for astronomy with charged

particles to be feasible [49]. Moreover, UHECR observatories as the Pierre Auger Ob-

servatory (PAO) and Telescope Array have found that the mass composition at the end

of the CR spectrum is mixed and varies between protons and iron nuclei [50]. In Chap.

3, we show that LIV processes as vacuum Cherenkov radiation may be compatible with

a mixed mass composition. However, a detailed calculation is needed to understand

better the extension of ultra high energy cosmic rays’ effect.

There are generally two types of scenarios to explain the CR origin, the acceleration

scenarios, commonly named bottom-up, and the decay scenarios, called top-down [51].

In the first ones, it is assumed that all highly energetic charged particles are accelerated

by interaction with magnetic fields in a shock front in relativistic plasmas (second-order
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Figure 2.2: The 〈Xmax〉, measured by Pierre Auger and Telescope Array Collabo-
rations, show that the mass composition at the most energetic window varies between

protons and iron nuclei. [50]

Fermi acceleration, proposed by Fermi in 1949 [52]); this idea can reproduce the power-

law spectrum. However, there is still uncertainty in the origin and acceleration of the

highest energy cosmic rays [48, 53].

In the second scenario, the decay type, UHECR are predicted due to the decay of high-

energy particles. For instance, some exotic particles are suggested by theories beyond the

SM [54, 55]. Under this scenario, the neutrino and gamma-ray fluxes are derived through

the decay of π-meson produced in the hadronization of quarks. Their observation is a

discriminator between scenarios [56, 57].

Both models, the acceleration and decay type, have been heavily restricted by the mea-

surements made by current Telescopes and Observatories at the very high and ultra-high

energetic window. However, the search for UHE-photons [58] has highly restricted some

top-down models.

2.2.2 Gamma Rays

The energy spectrum of cosmic rays measured at Earth exhibits a power-law dependence

over a wide range of energy, as it was mentioned in section 2.2.1.1. Starting at a few

GeV it continues to energies of at least 1020 eV. Up to energies ∼ 1017 −1018 eV, cosmic

rays are believed to be of Galactic origin and accelerated in bottom up mechanisms,

for instance, shell-type supernova remnants (SNR) and pulsars. They are believed to

be of extragalactic sources for higher energies, like active galaxies or gamma-ray bursts

(GRB).
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However, the experimental confirmation of a particular source of Galactic cosmic rays is

difficult due to the propagation effects of charged particles in the interstellar medium.

The most promising way of proving the existence of high-energy particles is the detection

of very high energy (VHE) gamma rays (E > 100 GeV), produced in interactions of

cosmic rays with the ambient matter close to their acceleration site.

Hence, gamma-ray observations give a direct view of the most extreme environments of

the universe. They play the leading role to study astronomical particle accelerators and

help to understand the propagation of cosmic rays through the Milky Way. Gamma-

rays are also used to perform dark matter searches, gamma-ray, neutrino astronomy, and

fundamental physics studies, like LIV-searches. In this thesis, some of the most energetic

gamma-ray observations are used to set constraints to Lorentz invariance violation on

cosmic and gamma rays. Therefore, in the following sections, we present some of the

telescopes’ observations dedicated to looking at the sky at very high energies.

2.2.2.1 HESS

The High Energy Stereoscopic System (HESS) is an array of five imaging atmospheric

Cherenkov telescopes located in the Khomas Highland in Namibia, at the height of 1800

m above sea level, which observes the gamma-ray sky in the energy range from GeV to

TeV. The Telescope name pays homage to Victor Hess, who received the Nobel Prize in

Physics in 1936 by discovering cosmic radiation.

Figure 2.3: Combined H.E.S.S. gamma-ray spectrum from data of 2003, 2004 and
2005 of the supernova remnant (SNR) RX J1713.7-3946 [59].
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In Fig. 2.3, the combined data from 2003 to 2005 are shown; they correspond to ob-

servations of the supernova remnant (SNR) RX J1713.7-3946 [59, 60]. The reported

cumulative significance above 30 TeV is 4.8 σ. The bin values close to 30 TeV in Fig.

2.3 are presented in Tab. 2.3. For energies between 113 and 294 TeV, they obtained

an upper limit on the gamma-ray flux of 1.6 × 10−16cm−2 s−1. At zenith, the energy

threshold was about 100 GeV, and for point sources, HESS achieved an energy resolution

of 15% [59]. The measured gamma-ray energies imply that the efficient acceleration of

primary particles to energies exceeding 100 TeV is taking place in the shell of the SNR

RX J1713.7-3946.

# Bin E (TeV) Flux (cm2 s−1) σ Range (TeV)

24 26.85 (8.82 ± 2.46) × 10−15 3.6 24.50 to 29.66

25 32.50 (7.7 ± 1.79) × 10−15 4.3 29.66 to 35.91

Table 2.3: Bins 24 and 25 of the 28 bins in Fig. 2.3. Values are taken from Ref. [59].
The statistical significance σ was calculated following Li & Ma analysis [61] by HESS

Collaboration.

2.2.2.2 HEGRA

The High Energy Gamma Ray Astronomy (HEGRA) experiment was located on La

Palma (Canary Islands) at the height of 2200 m above sea level. HEGRA consisted of

several detectors made to measure the light from Extensive Air Showers produced by

CR in the energetic window from 1 TeV to 104 TeV. HEGRA Telescope took data from

1987 to 2002.

Fig. 2.4 shows the Crab supernova remnant spectrum, measured by the five imaging air

Cherenkov telescopes that were part of HEGRA. Nonthermal processes predominantly

produce the Crab Nebula emission, synchrotron, and inverse Compton radiation, which

form a continuum emission covering the range from radio to VHE gamma-rays [62]. The

Crab has been used for the past 25 years as a reference source in TeV astronomy.

The reported differential upper limit flux on pulsed emission at 〈E〉 = 56.569 TeV,

in an energy range 32 to 100 TeV, is about 0.2 × 10−16cm−2 s−1. The bin values for

close to 56 TeV in Fig. 2.4 are presented in Tab. 2.4. The relative HEGRA energy

resolution, σE/E, typically reaches values below 10% for energies above the threshold

and moderately increases to 15% at threshold energies.
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Figure 2.4: Differential gamma-ray energy spectrum for the Crab Nebula and Pulsars,
reported by HEGRA Collaboration in an energetic window from 0.5 to 100 TeV. The

shaded region indicates the range of systematic errors. [62]

# Bin E (TeV) Flux (cm2 s−1) σ Range (TeV)

14 42.170 (1.10 ± 0.25) × 10−15 5.7 31.622 to 56.234

15 74.989 (2.05 ± 1.01) × 10−16 2.7 56.234 to 100.000

Table 2.4: Bins 14 and 15 of the 15 bins in Fig. 2.4. Values are taken from Ref. [62].
The statistical significance σ was calculated following Li & Ma analysis [61] by HEGRA

Collaboration.

2.2.2.3 HAWC

The High Altitude Water Cherenkov (HAWC) observatory is a new instrument sensitive

to multi-TeV hadron and gamma-ray air showers, operating at a latitude of +19oN and

an altitude of 4,100 meters in the Sierra Negra, Mexico. HAWC consists of 300 Water

Cherenkov Detectors that densely cover an area of 22,000 m2 and was completed in early

2015.

HAWC has been used to observe the Crab Nebula at high significance across nearly the

full spectrum of energies from 100 GeV to 100 TeV. Fig. 2.5 shows recent results of

the Crab photon energy spectrum measured with HAWC [63]. They are from a time-

integrated analysis of the Crab using 507 live days of data from November 2014 to June

2016. The systematic errors in HAWC measurements are estimated to be ±50% in the

photon flux between 1 and 37 TeV. However, confirmation of the Crab flux establishes the

HAWC instrument’s sensitivity for surveys of the sky. HAWC will exceed the sensitivity
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of current-generation observatories and will open a new view of the sky at the TeV

energy scale that will bring new opportunities to search for new physics signatures.

Figure 2.5: The crab photon energy spectrum was measured with HAWC and com-
pared to other measurements using other instruments. The red band showed for HAWC
is the ensemble of fluxes allowed at 1σ, and the best fit is indicated with a dark red

line. The light red band indicates the systematic of the HAWC flux. [63]

The potential to observe signatures of Lorentz invariance violation with HAWC has

been explored in Ref. [26]. The estimated potential of HAWC to set limits to EQG

in hypothetical scenarios of GRB and pulsars observations is presented. The potential

limits are shown in Tab. 2.5.

Source Experiment E
(1)
QG E

(2)
QG Dist. Analysis

GRB HAWC 1017 GeV 9× 109 GeV 2 kpc ∆t=1ms,

Emax=500GeV

Pulsar HAWC 4.× 1019 GeV 1.1× 1011 GeV z = 1 ∆t=1s, 4

Emax=100GeV

Table 2.5: Potential limits for E
(1,2)
QG from the observation of a GRB and pulsars with

HAWC [26].

However, different analyses can produce more stringent limits, like the one proposed in

this thesis in Chapter 4.

4 For more details on ∆t and Emax, reader could refer to section 2.1.2.3



Chapter 3

Vacuum Cherenkov Radiation

In this Chapter, we develop a generic approximation for the vacuum Cherenkov radia-

tion (VCR) process and compare it with the results obtained for the rates obtained by

isotropic modifications of the CPT-even and CPT-odd modified photon theory, modified

Maxwell theory (modM) and Maxwell-Chern-Simons (MCS) theory.

When electrically charged and massive particles ruled by a Lorentz invariant physics are

added to the LIV models presented in section 2.1.4, the new terms allow photon emis-

sion in LIV-vacuum to happen without an external electromagnetic field; this process is

commonly called vacuum Cherenkov radiation (See for instance [12, 23, 35, 37, 64, 65]).

In a LI theory, Cherenkov radiation happens when a charged particle moves faster than

the phase velocity of light in a medium, then, molecules in the medium are polarized

through the charged particle path, and they radiate coherently. Similarly, in vacuum

Cherenkov radiation, the LIV-vacuum acts as an optical medium with a nontrivial re-

fractive index; hence, particles with energy above a certain energy threshold are allowed

to radiate spontaneously.

To further proceed with our analysis for the generic implementation of LIV and compare

the modM and MCS models’ outcomes, we restrict our discussion to spin 1/2 particles.

However, in a general scenario, the following derived physics is spin-dependent, although

either particle with spin 0 or 1/2 is allowed to emit photons.

In this Chapter, we summarize the results for the models presented in subsection 2.1.4,

then we develop the rate for VCR in the LIVgen1 approximation, and we compare our

results to validate our proposal. In the last section, we present a derived scenario for

UHECR.

21
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3.1 Emission Rates

Figure 3.1: The Feynman diagram of the spontaneous photon emission (or vacuum
Cherenkov radiation).

The process of interest, lp → lp′ γk, is depicted in Fig. 3.1, where the vacuum Cherenkov

radiation may correspond in general to leptons, protons and heavy nuclei. The subscript

denotes the momentum notation. Hereafter, (ω,k) stands for the photon four momenta

components. Also, (E,p) represents the initial four-momentum of the spin 1/2 charged

particle involved in the process, while (E′,p′) is for the final four-momentum of the

fermion.

3.1.1 Emission rates from modM and MCS theories

The dispersion relations for a single photon in the modified Maxwell theory (modM)

and Maxwell Chern-Simons model (MCS) from Refs. [35, 37], presented in section 2.1.4,

follow the expressions

ωmodM (k) =

√
1− κ̃tr
1 + κ̃tr

k, k = |k|, (3.1)

ωMCS ±(k)2 = k2 ±MCS

√
k2 cos2 φ+

M2
CS

4
+
M2
CS

2
, (3.2)

where κ̃tr is the restricted coefficient from Eq. (2.30), for more details please refer to

Appendix A. In the MCS expression, φ is the angle between the wave vector k and the

space component of the Chern-Simons vector, ξ. MCS ∼ 1/L0 ≈ 2 × 10−33eV is the

Chern-Simons mass scale [37, 38]. The subscript ± denotes two polarization modes.

The reported emission rates for these models are

ΓmodM =
e2

4π

3κ̃2tr
√

1− κ̃2tr

1

E

(√
1− κ̃tr
1 + κ̃tr

E√
E2 −m2

− 1

)

×
[√

1− κ̃tr
1 + κ̃tr

(3κ̃2tr + 5κ̃tr + 2)E
√
E2 −m2

− (3κ̃2tr + 3κ̃tr + 2)E2 + (3κ̃2tr + 4κ̃tr + 1)m2
]
,

(3.3)
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and

ΓMSC =
e2

4πMCS

16E((p · ξ)2 +m2)1/2

{[
4
(
m2 + 2(p · ξ)2

)
−M2

CS

]
× arcsinh

(
2kmax
MCS

)
+ 2(2|p · ξ| − kmax)MCS

− 4(|p · ξ| − kmax)
√
M2
CS + 4k2max − 8m2 kmax

MCS

}
,

(3.4)

where

kmax =
2MCS |p · ξ|(MCS + 2

√
(p · ξ)2 +m2)

M2
CS + 4m2 + 4MCS

√
(p · ξ)2 +m2

, (3.5)

is the maximum magnitude for the photon momentum component for MCS emission

rate.

3.1.2 LIVgen1 emission rate

In this section, we elaborate on the corresponding analysis for the LIV-generic case.

There is no clear path to derive the emission rate from the LIV generic approach. How-

ever, following the generalities from the two previous models, we can proceed to construct

it.

From Eq. (2.24), let be

ω2 = k2(1 + αnk
n), (3.6)

the generalized dispersion relation for photons, where αn is the LIV coefficient of order

n. We also neglect, as in previous models, any LIV effect in the corresponding fermion

dispersion relations. Then, we develop a generic correction to the emission rate from

the standard LI theory, given by

dΓ =
s

2

1

E(p)
|M|2 d3p′

(2π)32E′(p′)

d3k

(2π)32ω(k, n, αn)
× (2π)4δ(4)(p− p′ − k) Θ(k), (3.7)

where we have inserted a Heaviside function, Θ(k), to preserve only physical solutions

for the emitted photon momentum. Furthermore, from LI theory, s = 1
j! expresses a

statistical factor, where j counts one per each group of identical particles in the final stage

of the process; and |M|2 is the squared amplitude probability of the process, computed

from the standard QED rules but making use of the correction in the photon four-

momenta. With such considerations, we can express the square probability amplitude
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as

1

2

∑
spin

|M |2 = (/p− /k +m)(e2γµγν)(/p+m)εµε̄ν

= 2
∑
spin

(pµpν − kµpν − pνpµ + kνpµ + pαpαg
µν − kαkαgµν +m2gµν)εµε̄ν ,

(3.8)

where Minkowski metric gµν = ηµν and Dirac gamma matrices standard properties

under a Lorentz invariant theory are assumed. Since the correction is taken at first LIV

order correction, any term ≥ α2
n is negligible, and the Ward identity is preserved.

From Eq. (3.6), Sγ = kαkα = αnk
n+2, and assuming the charged particle dispersion

relation to be Lorentz conserving along the process, we note that

Sp = Sp′ = (p− k)α(p− k)α = Sp + Sγ − 2kαpα, (3.9)

then

2kαpα = Sγ = αnk
n+2, (3.10)

where we have dropped out the particle index on the photon LIV parameter. Hence,

Eq. (3.8) becomes:
1

2

∑
spin

|M |2 = e2|4m2
a − αnkn+2|. (3.11)

The absolute value is taken to ensure physical congruence due to the limits and the

generality in the sign of αn [66]. The delta function in Eq. (3.7) encodes the conservation

of energy-momentum in the system. Using Eq. (3.6) and keeping only first order in LIV

αn terms, we made the integration over p′ in Eq. (3.7) and write the remaining delta

function as

δ(0)(g(p, k,m, n, α, θ)) = δ(0)(
√
p2 +m2 −

√
(p− k)2 +m2 − k

√
1 + αnkn), (3.12)

where θ is the emission angle and g is a polynomial function of order n in k. To solve

the integration in k without the rest frame, that is, only in the observer frame, we use

the following well known property of the delta function,

δ(g(x)) =
∑
i

δ(x− xi)
|g′(xi)|

, (3.13)

where xi are the g(ki) roots, that we can found from the following expression,

(
p2 cos2 θ − (p2 +m2)

)
k−(p2 +m2)αnk

n+1 + p cos θ αnk
n+2 = 0. (3.14)
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Each solution of Eq. (3.14) implies that the process will satisfy energy-momentum con-

servation. Note that if αn = 0 then k = 0, since p cos θ 6=
√
p2 +m2, and consequently,

the process is prohibited for LI scenarios. In other words, the photon emission process

in vacuum, or vacuum Cherenkov radiation, is permitted as far as αn is present.

For n = 0, we found that Eq. (3.14) has one solution,

k
(n=0)
0 =

1

p cos θ

[
E2(α0 + 1)− p2 cos2 θ

]
. (3.15)

However, for n = 1, we found that Eq. (3.14) has three different solutions. That is, in

the generic LIV scenario, with n = 1, energy and momentum are preserved in at least

three different situations, the first one given by the standard case where

k
(n=1)
0 = 0; (3.16)

and the second and third ones when

k
(n=1)
± =

1

2p cos θ

(
E2 ±

√
E4 +

4p cos θ

α1
(E2 − p2 cos2 θ)

)
. (3.17)

In what follows, we only use the mode k+ for the case n = 1, since k0 means that there is

none emission and k− will be ruled out by the Heaviside function in Eq. (3.7); moreover,

it is nonphysical since k− < 0.

Finally, one can use the expressions in Eqs. (3.6), (3.11) and that for k+ in Eq. (3.17),

to perform the integral over k. Hence, the emission rate from the LIV generic approach

at first order in αn (LIVgen1) will be expressed as,

Γ(n=1)
a→aγ =

e2

4π

1

4E

∫ θmax

0

|4m2 − α1k
3
+|

ω(k+, α1)

× k sin θdθ

| − k+ + p cos θ − (1+ 3
2
α1k+)√

1+α(1)k+

√
k2+ + E2 − 2k+p cos θ|

.
(3.18)

A generalization of the vacuum Cherenkov radiation rate for any n is given by

Γ(n)
a→aγ =

e2

4π

1

4Ea

∫ θ

0

∑
ki

|4m2
a − αnk

(n+2)
i |

ω(ki, αn)

k2i sin θdθ

|pa cos θ − ki −
(1+ 2+n

2
αnkni )√

1+αnkni

√
k2i + E2

a − 2kipa cos θ|
Θ(ki),

(3.19)

where ki are the non zero photon momenta modes from the corrected energy-momenta

conservation.
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In figure 3.2, we show the emission rate for the three different models and proton mass,

m = mp, for this work, and due to the phenomenological considerations, we take the

proton nuclei as spin 1/2 fermions. We have plotted, with a (green) dashed line, the

modM emission rate at the first order from the expansion on E and κ̃tr from Eq. (3.3),

setting κ̃00 = 10−21, which is compatible with the limits reported in Ref. [27] . From

a phenomenological point of view, the rate has four main characteristics. First, it has

a growing behavior with charged particle energy. Second, it has a drop ending energy

threshold for the model, inversely proportional to the LIV coefficient. This threshold

protects the LI physics at energies below it. Third, for a given energy above the thresh-

old, the emission rate decreases for smaller values in the LIV parameter. And fourth,

it has a sensitive behavior with the mass and charge of the emitting particle. The last

two characteristics will be discussed in the next section. In the dash-dotted (blue) line

in the same figure, the MCS emission rate shows the same behavior as modM, but the

derived threshold is higher in energy than the previous one since it is highly constrained

from the MCS . Finally, we present in a (red) continuous line the emission rate from the

LIVgen1 model for very small θ and with a phenomenological threshold given by

Ea &

(
4m2

a

α1

)1/3

. (3.20)
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Figure 3.2: Comparison of emission rates for vacuum Cherenkov radiation for a pro-
ton. Free LIV parameters were chosen as indicated [24].

Last energy threshold can be motivated by the zero squared amplitude probability of

the process, i.e. 4m2
a−α1k

(n+2)
+ = 0, with k+ ∼ Ea in the limit where Ea, pa � ma and

θ → 0. We have found that this phenomenological threshold removes the singularity in

the rate at the threshold’s region for UHECR’s energies and beyond. For lower energies
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about 1014 eV, further analysis is needed; in that region, the charged particle’s mass-

energy scale in the process, i.e., m2
a ∼ αnE

n+2
a , is more appropriate to remove the

singularity in the threshold region. Although, notice that the difference is a factor of 4.

In Fig. 3.3 we show the results for the case n = 0 and n = 1. The rates present a similar

behaviour. In Fig. 3.4, the rates for different values of α1 are presented. As shown, the

energy threshold is higher for smaller values of α1, the rates decrease as α1 does, and

for a given value of α1, the rate grows with the energy.

Hence, as it can be appreciated in Figs. 3.2, 3.3 and 3.4, the generic approach reproduces

the main features of the previous two models.
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Figure 3.3: Emission rate for vac-
uum Cherenkov radiation for n = 0, 1,
ma = mp and θmax = 10−2 [66].
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Figure 3.4: Emission rate for vac-
uum Cherenkov radiation for n = 1,
ma = mp and θmax = 10−2 [67].

3.1.3 Sensitivity to UHECR mass composition

The present work, as mentioned before, aims to address the phenomenology derived

from the LIV hypotheses to cosmic and gamma rays, so, considering the application of

these models to the phenomenon of cosmic rays, we have chosen m = mp and m = mFe

as representative masses for a light and a heavy component of the cosmic ray flux,

respectively. From section 2.2.1.1, it is estimated that the composition of ultra high

energy cosmic rays (UHECR) is mixed between these two limits [68]. To appreciate the

differences between them, in Figs. 3.5 and 3.6, the behavior of the Γ functions from

LIVgen1 and modM for proton and iron nuclei are compared. From them, it can be seen

that the effect of vacuum Cherenkov emission is sensitive to the composition of cosmic

rays.
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Figure 3.5: Emission rates for vacuum Cherenkov radiation from LIV generic ap-
proach at first-order correction, with n = 1 and θmax = 10−2. Corresponding rates for
mFe, mp and different α1 are as indicated. Both rates grow with energy, but lighter
particles have a lower emission rate than heavier. The energy threshold is sensitive to

particle composition [24].
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Figure 3.6: Emission rates for vacuum Cherenkov radiation from modified Maxwell
theory. Corresponding rates for mFe, mp and different κ̃tr are as indicated. Both rates
grow with energy, but lighter particles have a lower emission rate than heavier. The

energy threshold is sensitive to particle composition [24].

In Figs. 3.5 and 3.6, we also plot the emission rate behaviour for smaller values in the

LIV parameters to show that the emission rates become smaller as α1 and κ̃tr do.
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Figure 3.7: Radiated energy for vacuum Cherenkov radiation from LIV generic ap-
proach at first order correction, with n = 1 and θmax = 10−2. Corresponding curves

for mFe and mp are as indicated [24].

In Fig. 3.7 it is shown the radiated energy from the generic approach, given by

R2[eV2] =
e2

4π

1

4E

∫ θmax

0

|4m2 − α1k
3
+|

ω(k+, α1)

×
k2+ sin θdθ

| − k+ + p cos θ − (1+ 3
2
α1k+)√

1+α(1)k+

√
k2+ + E2 − 2k+p cos θ|

.
(3.21)

As a consequence of this attenuation process, the models LIVgen1 and modM show an

energetic region where vacuum Cherenkov radiation only affects the lighter nuclei but

not the heavier, until the energy is high enough that vacuum Cherenkov radiation can

attenuate all the massive nuclei simultaneously. In Fig. 3.8, we show the energetic region

between the proton and iron nuclei threshold for different values of α1. A reduction to

the CR flux could be expected in this region due to vacuum Cherenkov radiation that

starts with the lighter components and continues with more massive. Hence, the heavy

components’ tendency could be expected in the UHECR flux located between both

thresholds. This effect is followed by a reduction in the contributions from the entire

mass spectrum of CR at higher energies, where heavier nuclei are attenuated faster than

lighter ones because heavier nuclei suffer vacuum Cherenkov attenuation some orders

of magnitude higher than lighter nuclei in an energy scale where vacuum Cherenkov

radiation is allowed simultaneously for the entire cosmic ray mass spectrum, between

proton and iron limits, and heavier nuclei will be attenuated sooner in their propagation.

This special behavior is clarified in Fig. 3.9 with the first emission probability as a

function of mean free path.
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Figure 3.8: Vacuum Cherenkov energetic region, between proton and iron nuclei
threshold, for different values of α1. A reduction to the CR flux could be expected in
this region due to vacuum Cherenkov radiation that starts with the lighter components

and continues with heavier.
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From the results in Figures 3.5, 3.7 and 3.9, and for a value of the LIV photon parameter,

α1 = 10−36eV −1, one could expect that this trend would show up around an energy range

of about 1018 to 1019 eV. UHECR observatories such as Pierre Auger, Telescope Array,

and HiRes have measured and reported the spectrum of ultra-energy cosmic rays at EeV

energies [69–71]. Thus, a dedicated analysis with their data could probe such an effect

or set limits to αn.





Chapter 4

Photon Decay

In the same way that spontaneous photon emission, photon decay, as depicted in Fig. 4.1,

is kinematically allowed by LIV-hypothesis. This special LIV process has been studied

before in the context of generic LIV corrections and the SME (see for instance [12, 18–

20, 23, 35, 64]).

In the present chapter, we derive the LIV photon decay rate following the generic con-

struction developed and validated in the previous chapter 3. It was shown that such

approximation preserves the generalities of the particular models presented in section

2.1.4 and derived from the SME. The results achieved in this chapter show that photon

decay derives in a very restrictive scenario for the highest energy photons [23], especially

for those propagating from astrophysical sources. Therefore, it is possible to attain tight

upper limits for the photon sector’s generic LIV coefficient by using the highest photon

energy astrophysical measurements.

Figure 4.1: Feynman diagram for LIV photon decay to a pair of leptons.

33
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4.1 LIVgen1 decay rate for any order n

As we previously did for vacuum Cherenkov radiation, we start the present analysis by

considering the LIV photon dispersion relation in Eq. (3.6), ω2 = k2(1 + αnk
n). The

decay rate of the process will be thus given by

dΓ =
s

2

1

ω(k, n, αn)
|M|2 d3p

(2π)32E(p)

d3p′

(2π)32E′(p′)
× (2π)4δ(4)(k − p− p′) Θ(p), (4.1)

where (E,p) and (E′,p′) are the four momenta components of the final leptons, l+ and

l−, respectively. The squared probability amplitude is then given by Eq. (3.11) from

the previous section. Next, we shall perform the integration over p′ and write the delta

function as follows,

δ(0) (g(k, p,m, n, α, sin θ)) =δ(0)
( √

1 + αnkn k

−
√
p2 +m2 −

√
p2 + k2 +m2 − 2pk cos θ

)
.

(4.2)

As before, we use the g function roots, now given by the expression,

(αnk
n + 2 sin2 θ)p2 − 2αnk

n+1 cos θ p+ 2m2 + αnk
nm2 = 0. (4.3)

Notice that unlike the expressions obtained for the previous process, Eq. (4.3) is a second

order polynomial function in p. In order to solve it, the condition k 6= 0 is assumed. It

is not difficult to show that p will satisfy energy-momentum conservation when,

p± =
(
αnk

n+1 cos θ ±
√
α2
nk

2n+2 cos2 θ − 4(sin2 θ + αnkn)(1 + αnkn)m2

)
× (2αnk

n + 2 sin2 θ)−1.

(4.4)

In order to ask for p to be real and positive, the discriminant in Eq. (4.4) must be

real and positive too. This condition restricts the possible emission angles for any given

momentum of the photon to the LIV parameters. To exemplify this restriction, we

have plotted the discriminant behavior for a photon energy of 100 TeV, for m = me,

n = 1 and different values of α1. The result is depicted in Fig. 4.2. Due to the angular

dependence of the function, while α1 decreases, the discriminant becomes negative for a

given interval in θ, and the permitted integration region decreases. In the limit when θ

goes to zero, the angular integration space becomes null, and the process is forbidden.
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Figure 4.2: The discriminant behavior from Eq. (4.4) for k = 100 TeV, m = me,
n = 1 and different values of α1 in eV −1 units. The positive region set the integration

limits for the decay rate in Eq. (4.6). θ is in radian units [24].

This limit can be parametrized to set a threshold on αn, above which LIV photon decay

process is enabled,

αn ≥
4m2

kn(k2 − 4m2)
. (4.5)

Using the expressions in Eqs. (3.6), (3.11) and that for p± in Eq. (4.4), to perform the

integral over p, the analytic expression for the photon decay rate Γ, in the LIV generic

approach at first order in αn (LIVgen1), is

Γ
(n)
γ→l−l+ =

e2

4π

|4m2 − αnkn+2|
4k
√

1 + αnkn
×
∫ θmax

0

∑
p±

p2 sin θdθ

|pE′ + (p− k cos θ)E|
, (4.6)

where

E =
√
p2 +m2, E′ =

√
k2 + p2 +m2 − 2kp cos θ. (4.7)

Numerically by solving the integral for n = 1, 2, we find the decay rate shown in Fig. 4.3.

It can be appreciated that the decay rates are steadily growing with the energy for both

n = 1, 2. They show a change in the slope at energy inversely proportional to the LIV

coefficient αn, and the decay rates become smaller as αn does. We have found that the

case n=0 have a similar behaviour than for n = 1, 2 as it can be seen in Fig. 4.4 [67].

In addition, Eqs. (4.5), (4.6), for n=0, are compatible, under the assumption that LIV

corrections are made only in the photon sector, with the threshold and the decay rate

reported in Ref. [12].



Photon Decay 36

1010 1012 1014 1016 1018 1020 1022 1024 1026

 kγ [eV]

108

1012

1016

1020

1024

1028

1032

Γ
γ
−
e
+
e
−
 [
eV

]

LIVgen1
α1 =10−11 eV−1

α1 =10−13 eV−1

α2 =10−21 eV−2

α2 =10−23 eV−2

Figure 4.3: Photon decay rates from LIV generic approach for n = 1, 2 and
θmax ≈ π/2. α1 is in eV −1 units [24].
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Figure 4.4: Decay rate for LIV photon decay into electron positron pairs, for n=0,1,
and 2. α1 is in eV −1 units [67].

As an example, to illustrate how restrictive this process is, in Fig. 4.5 we show the

photon survival probability as a function of the mean free path for photons. There we

have used the same values we used in Fig. 4.2. From these results, it is clear that a 100

TeV photon will not be able to propagate beyond ∼ 10−12 m, for an α1 = 10−18 eV −1,

that is a non-restrictive value for current limits (see table 2.2). However, in the limit,

where θmax → 0, an astrophysical photon of 100 TeV will be able to reach Earth from

kpc distances, but a smaller αn is implied.

This would set a critical value that fixes an energy-dependent threshold for the LIV

parameter. For any αn above threshold in Eq. (4.5), photon decay becomes extremely

efficient. On the other hand, below the threshold, the process is forbidden. So, using
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Figure 4.5: Photon decay probability as a function of the mean free path, for a 100
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the following parametrization, E
(n)
QG ≈ 1/α

1/n
n , Eq. (4.5) becomes,

E
(n)
QG > kobs

[
k2obs − 4m2

4m2

]1/n
. (4.8)

That means that a lower limit for E
(n)
QG in the photon sector will directly emerge from

any observed high energy cosmic photon event of momentum kobs. That is one of the

main results of this thesis.

4.2 Limits on E
(1,2)
QG

Following this line of thought, and using above expression for photon decay into electron

positron pairs, m = me, we can depict the E
(n)
QG limit as a function of the photon energy

event, as it can be seen in Fig. 4.6, for n = 1 and Fig. 4.7 for n = 2, represented

by the (blue) diagonal line on the plots. The (red) continuous and horizontal line in

both figures is one of the best limits for the LIV generic photon sector proposed by

Fermi-LAT in 2013 [14] (For a shortlist of lower limits, see Tab. 2.2). The dot-dashed

and dashed (red) lines are our derived limits from H.E.S.S. and HEGRA reported data

[27, 35, 59, 60, 62]. The (colored) bars are the uncertainties of the highest photon

energy reported and presented in sections 2.2.2.1 and 2.2.2.2. We are using the lower

value as observed photon energy from astrophysical distances. In our analysis, the best

limits are obtained from HEGRA data, as indicated in the figures. We found that

E
(1)
QG ≥ 1.5× 1020GeV and E

(2)
QG ≥ 2.8× 1012GeV , for n = 1 and n = 2, respectively.
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Figure 4.6: E
(1)
QG excluded energy region by LIV photon decay into electron-positron

pairs with HEGRA [27, 62] and H.E.S.S. [35, 59] photon energy measurements. Using

Eq. (4.5) we found that E
(1)
QG ≥ 1.5× 1020GeV by HEGRA and E

(1)
QG ≥ 1.7× 1019GeV

by H.E.S.S., in the n = 1 case [24].

Figure 4.7: E
(2)
QG excluded region by LIV photon decay into electron-positron pairs

with HEGRA [27, 62] and H.E.S.S. [35, 59] photon energy measurements. Using Eq.

(4.5) we found that E
(2)
QG ≥ 2.8× 1012GeV by HEGRA and E

(2)
QG ≥ 6.5× 1011GeV by

H.E.S.S., in the n = 2 case [24].



Chapter 5

Cosmic ray photoproduction

processes

In the previous chapters, we studied processes that could not be achieved from a LI the-

ory, and we analyzed the derived phenomenology for cosmic and gamma rays. However,

LIV-derived physics has consequences in known processes, which can manifest them-

selves as small corrections to their expected physics and grow with the energy. This is

the case of the production threshold shift effect for standard processes.

In this thesis’s spirit, we will focus on corrections produced by the generic modification to

the particle dispersion relations, especially on those with a particular interest in cosmic

and gamma rays.

Previous studies can be found in Refs. [19, 21, 22]. However, there is also an interesting

feature derived from this approach that we believe deserves further attention and which

is presented in here. To this aim, in the current chapter, we develop a generalization of

the LIV threshold equations, which parametrize the shift from the LI expected thresh-

old. As we discuss later, in the generic LIV setup, a higher energy threshold appears

where particle production becomes again forbidden. In the scenario where the collision

describes the interaction of an energetic particle propagating in the cosmic photon back-

ground, this last threshold means that at some high energy, the cosmic particle shall

again freely propagate, at least free from this particular process; this motivates us to

call it a recovery scenario.

39
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5.1 Generalized LIV-threshold equation

Let be a process of the type

A B → C D, (5.1)

in which in a LI regime, the massive final particle states C and D, require some minimal

energy from the initial particles A and B for the process to happen.

Now, we apply, in the most general way to all involved particles of the process in Eq.

(5.1), the modification to their dispersion relation, as presented in Eq. (2.24).

For this work and in order to be specific, we have chosen two representative and relevant

processes for cosmic and gamma-ray physics: pion photoproduction and pair photopro-

duction [40, 46, 47, 72],

pCR γb −→ p π0, (5.2)

γCR γb −→ e+e−, (5.3)

where b and CR denote background and cosmic ray primary particles, respectively.

Notice that we have chosen protons for the first process, but the analysis would be

equally valid for neutrons too. Similar approaches can be found in Refs. [19, 21, 22].

Furthermore, we shall consider a first-order correction function Ξ to energy-momentum

conservation to explore the relevance at cosmic ray energies. This correction is motivated

by the work in Ref. [73], where several LIV coefficients were added in order to properly

correct energy-momenta. However, for an alternative model, see also [74]. To the best

of our knowledge, such a general approach has not been explored in this general context

elsewhere before.

5.1.1 Pair photoproduction LIV-threshold relation

In order to motivate the LIV-threshold equation for the general case, we first present

the case of pair photoproduction in Eq. (5.3), so, let (ω, ωb) and (E+, E−) be the

corresponding initial and final energies of particles in the process. Therefore, in the LIV

setup, we write energy conservation relation as

E+ + E− = ω + ωb + Ξ. (5.4)

Or equivalently,

E+ = K(ω + ωb + Ξ), (5.5)

and

E− = (1−K)(ω + ωb + Ξ), (5.6)
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where K is the inelasticity function of the process.

The following considerations are also taken in this analysis:

• The system is that where the collision can be assumed head-on.

• The final momenta could be taken collinear since the very high and ultra high

energy cosmic photons have higher energy than the photon background, ωb � ω.

• The ultra-relativistic regime approximation can be used, that is m� {E, p} �M.

Where M is the energy scale associated with the LIV physics.

• We keep only first order in the LIV coefficients since they are expected to be small;

hence, any product of them can be neglected.

• The LIV parameters, in general, are considered not universal.

Then, for pair photoproduction, let the invariants be

Sphoton = ω2 − k2 = −αnωn+2, (5.7)

and

S± = E2
± − p2± = m2

e − α±,nEn+2
± , (5.8)

where we have inserted a different LIV parameter for the electron sector to account

for a possible particle dependence. A previous work has studied similar corrections but

considering a momenta correction with the opposite sign in αn [19].

Substituting and equating the initial and final invariant, we found that

4ωωb −m2
e

(
1

K(1−K)
− m2

e

2K(1−K)(ω + ωb + Ξ)2

)
= αnω

n+2

[
1 +

ωn+2
b

ωn+2
− ωb

ω

(
1 +

ωn
b

ωn

)]
+ α+,nK

n+1(ω + ωb)
n+2 ×

[
−1 +

m2
e

2

1

(1−K)(ω + ωb)2

]
+ α−,n(1−K)n+1(ω + ωb)

n+2 ×
[
−1 +

m2
e

2

1

K(ω + ωb)2

]
.

(5.9)

Note that Ξ, the LIV contribution to energy-momenta conservation, was reduced to one

term. By demanding that me, ωb, Ξ � ω, the last expression becomes, at the lowest

correction order,

4ωωb −
m2
e

K(1−K)
= βnω

n+2 , (5.10)

where we have defined

βn = αn − α+,nK
n+1 − α−,n(1−K)n+1 . (5.11)
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Notice that the contribution of Ξ has disappeared. This clearly shows that, at leading

order, LI momentum conservation rule effectively holds for high energy cosmic particle

collisions.

In the limit where αn = α±,n = 0, the RHS of Eq. (5.10) vanishes, thus providing a

unique solution to ω in terms of K, given by ω0 = m2
e

4K(1−K)ωb
. For K = 1/2, the standard

LI pair production threshold for a cosmic photon will arrive as usual, where

ωLIth =
m2
e

ωb
. (5.12)

Otherwise, Eq. (5.10) is a polynomial equation of order n+2 on ω, which in general may

have more than one real solution. This shall be the core of our argument below. It is

instructive to rewrite Eq. (5.10) in a more generic and straightforward form by defining

the dimensionless variables

xγ =
ω

ω0
and Λn,γ =

ωn+1
0

4ωb
βn . (5.13)

In such terms the polynomial threshold equation for pair photoproduction becomes

Λn,γx
n+2
γ − xγ + 1 = 0 . (5.14)

The last equation is consistent with the result presented in Ref. [19] for pair production

under a generic LIV correction and assuming LI energy-momentum conservation.

5.1.2 General photoproduction LIV-threshold relation

Now we proceed with the general photoproduction process case

A ωb → C D ,

to determine its corresponding threshold equation. Particular cases will be pair and

pion photoproduction by cosmic nucleons. Following a similar path as before, we would

start by writing down the corresponding modified dispersion relations for the involved

particles. Aside to Eq. (5.7) for the background photon, we would also have

E2
i − p2i = −αi,nEn+2

i ,

for i = A,C,D, respectively.

Once again, we consider the same approximated conditions as in the pair photoproduc-

tion case.
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Thus, by developing a similar algebra as in previous section we found the following LIV-

threshold equation, at the lowest order and for high energy cosmic ray primaries,

4ωbEA +m2
A −

Km2
C + (1−K)m2

D

K(1−K)
= ΥnE

n+2
A , (5.15)

where, assuming that ωb � EA,

Υn = αA,n − αD,nKn+1 − αC,n(1−K)n+1 . (5.16)

Note that, Eq. (5.16), parametrizes the LIV-correction, and if we set all LIV coeffi-

cients to zero, Eq. (5.15) implies the solution

EA0 =
Km2

C + (1−K)m2
D

4ωbK(1−K)
−
m2
A

4ωb
, (5.17)

which is the expected LI-threshold equation.

Once more, by introducing dimensionless variables in the general case, now given by

xA =
EA
EA0

and Λn,A =
En+1
A0

4ωb
Υn , (5.18)

we finally get the same form for the threshold equation as in the pair photo-production

case. Therefore, irrespective of the process, we can express such an equation as

Λnx
n+2 − x+ 1 = 0, (5.19)

where in general x = ELIV /EILth and Λn contains an energy independent linear function,

{βn,Υn}, depending on all LIV parameters. Clearly, if {βn,Υn} = 0, LI regime would

be recovered.

It is worth stressing that in both the cases, Eq. (5.19) is, to first approximation in LIV

terms, independent from particle nature, the functional form of A in Eq. (2.24) and Ξ

in Eq. (5.4). Last means that the results do not depend on linear corrections to the

energy-momentum laws.
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5.1.2.1 Particular cases

Pair photoproduction: γCR γb −→ e+e−

The particular results derived in section 5.1.1 for pair photoproduction are clearly re-

covered from the general expressions, if one takes

mA = 0, and mC,D = me.

Specifically, Eqs. (5.15) and (5.16), take the form of Eqs. (5.10) and (5.11), which for

illustrative purpose, here we write them again,

4ωωb −
m2
e

K(1−K)
= βnω

n+2 ,

where

βn = αn − α+,nK
n+1 − α−,n(1−K)n+1 .

These expressions are the LIV-threshold equation for pair photoproduction and the LIV

contribution’s parametrization by each particle involved in the process. Additionally,

from Eq. (5.18), we write the expected LI-threshold for a high energy photon to produce

a pair e± by interaction with the background as

ω0 =
Km2

e + (1−K)m2
e

4ωbK(1−K)
. (5.20)

In Ref. [75], LIV threshold shifts in pair photoproduction are considered in the cal-

culations of photon propagation in the Universe. The corresponding photon horizon,

including LIV effects, is studied and used to predict significant changes in photons’

propagation with energy above 1016eV .

Pion photoproduction: pCR γb −→ p π0

Now, by taking

mA,C = mp for a proton,

mD = mπ for a pion

Eqs. (5.15), (5.16) and (5.18), become,

4ωbEp +m2
A −

Km2
p + (1−K)m2

π

K(1−K)
= ΥnE

n+2
p , (5.21)

where

Υn = αp,n − απ,nKn+1 − αp,n(1−K)n+1 . (5.22)
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Eqs. (5.22) is the LIV parametrization of all the LIV coefficients involved in the process,

into the LIV-threshold equation for pion photoproduction in Eq. (5.21).

Finally, using the result in Eq. (5.18), the expected proton energy threshold in a LI

theory is given by

Ep0 =
Km2

p + (1−K)m2
π

4ωbK(1−K)
−
m2
p

4ωb
. (5.23)

and if we set K = mπ
mπ+mp

, we get the known LI threshold for neutral pion photoproduc-

tion,

Ep0 =
m2
π + 2mπmp

4ωb
. (5.24)

This particular threshold plays a relevant role in UHECR since the end of CR flux is

commonly associated with the GZK cutoff [40, 46, 47] generated from this threshold.

5.2 The LIV secondary threshold

Let us next consider the implications of the LIV threshold equation (5.19). Clearly, to

each value of Λn it shall correspond a different scenario that describes the behavior of

photoproduction processes. For simplicity, we take the lower order correction, n = 1,

and then comment on the general case. In this case, we get the cubic equation

f(x) = Λ1x
3 − x+ 1 = 0,

which in general has three different solutions, but setting Λ1 = 0 the LI case is recovered.

As it is easy to check, the possible roots of f(x) provide three different physical scenarios

that can be seen in Fig. 5.1, and are described as follows

i) Λ1 < 0. In this scenario, there is only one real root for f(x), and the other two

roots are complex, and thus, nonphysical. Furthermore, the real root turns out

to be always positive but smaller than one. This implies that the derived LIV

physics produces a threshold at lower energies than expected in the LI regime.

(ELIVth < ELIth ). This means an earlier activation of photoproduction in energy

than expected. The gap between the two thresholds will increase as Λ1 goes to

smaller values.

Note that for an universal α1 we get β1 = Υ1 = α1K(2−K), and thus this scenario

only arises provided that α1 < 0.

ii) There is a critical value at Λ1 = 4/27 above, which f(x) has only one negative and

two complex roots. Therefore, for Λ1 > 4/27, there is no physical solution to the
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Figure 5.1: f(x) for n = 1 and different values of Λ1. The dashed (blue) line is
f(x) = 0. From bottom to top, the continuous lines are

Λ1 = −0.1, 0, 0.1 and Λnc (green). The LI scenario corresponds to the continuous (red)
line where Λ1 = 0.

threshold equation. Consequently, the photoproduction process becomes forbid-

den, and the Universe gets transparent to propagate the cosmic ray primary. Such

a scenario is, of course, in direct contradiction with astrophysical observations,

and thus, one must impose the consistency condition

Λ1 < 4/27. (5.25)

Note that such a critical value do exist for any arbitrary n.

A simple algebra shows that, if f(x) = Λnx
n+2 − x + 1 = 0, hence, there is an

extremal point, xnc, that satisfies f ′(xnc) = 0, which implies that

Λn x
n+1
nc =

1

(n+ 2)
. (5.26)

However, if xnc is a root of f(x), thus f(xnc) = 0. That is,

f(xnc) = Λnx
(n+1)
nc xnc − xnc + 1 = 0,

=
1

(n+ 2)
xnc − xnc + 1 = 0,

=
1− 2− n
(n+ 2)

xnc + 1 = 0,

= − (n+ 1

(n+ 2)
xnc + 1 = 0.
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So, the only root is given by

xnc =
(n+ 2

(n+ 1)
. (5.27)

Using the critical value, xnc, in Eq. (5.26),

Λnc =
(n+ 1)n+1

(n+ 2)n+2
. (5.28)

Real roots demands that Λn < Λnc, which is a quickly decreasing function of n.

And at critical value, the only root is xnc.

iii) Finally, for 0 < Λ1 < 4/27 the threshold equation has three real solutions. Never-

theless, only two of them are positive, and physically acceptable. A nontrivial but

important consequence arises here. A range of x values shall now become bounded

by two thresholds.

Figure 5.2: Solutions to the threshold equation for n = 1, as a function of Λ1. The
f(x) roots separate free propagation and photoproduction zones as indicated. Critical
point (in green) indicates the upper limit on Λ1. LI case is stressed by a (red) point at

Λ1 = 0 [24].

These scenarios’ whole effect can easily be understood if we plot f(x) roots as a function

of Λ1, as we have done in Fig. 5.2, and notice that the corresponding curve divides

the parameter space into two regions. Clearly, by merely looking at the particular

solution where LI holds (for Λ1 = 0), we can identify the free propagation zone below

the curve (where E < Eth). This zone is analytically connected to the region on the

RHS of the plot, where Λ1 > 4/27, according to our previous discussion. Furthermore,
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it is connected to the region above the curve, where 0 < Λ1 < 4/27. The conclusion

is unavoidable. Whereas the lowest root gives the expected energy threshold where

photoproduction gets switched on, the second root, at higher energies, represents a new

energy threshold where photoproduction shall, once more, stop.

These conclusions are consistent with the findings in Ref.[19] for pair photoproduction,

although it is worth stressing that this physics is rather common to all photoproduction

processes. Furthermore, it is not difficult to realize that there always exists a secondary

threshold for any value of n, and for 0 < Λn < Λnc. As a matter of fact, RHS of

Eq. (5.19) has a linear behavior for small x, with a negative slope, whereas, for large x,

it is dominated by the single term Λnx
n+2, with a positive derivative. Accordingly, there

exists a single absolute minimum, at xmin = [(n+ 2)Λn]−1/n+1, that lays in the energy

region where photoproduction is on, beyond the first root (above the first threshold).

This, in turn, gives rise to a second root, and therefore, to the second threshold. That

would be the signature of the generic LIV for any photo production process.

This phenomenon would produce an opacity band for a propagating primary. Out of

the band, ultra high energy cosmic ray particles, like protons and very high energy

photons, would be free of the photoproduction processes produced by the interactions

with background photons. Additionally, the bandwidth decreases for larger values of Λn.

Whereas the first threshold can only take values from x ∈ [1, xnc), the second threshold

decreases very fast as Λn grows, until the photoproduction processes fade out when Λn

reaches its critical limit, Λnc.

The appearance of an opacity band should have visible effects in the integrated cos-

mic ray flux. Although a detailed calculation of this is out of the present work scope,

our results suggest that potentially visible effects are possible. On general grounds, for

individual particles, one would expect that the physics should be very similar to the

standard LI scenario for cosmic ray primaries with energies within the band. Photopro-

duction processes will contribute to quickly diminishing the proton primary’s energy and

the disappearance of high energy primary photons. However, if energies well above the

second threshold were accessible to the primaries, they will see a transparent universe

along with its propagation, which means no depletion on their flux would be expected.

In this sense, the measured flux would show a recovery behavior at the largest energies.

Physical implications of the purely LIV secondary threshold are interesting. A cosmic

particle primary shall encounter an opaque universe and its propagation, due to photon

background, only for primary energies within the two thresholds. At such energies,

photoproduction will attenuate the particle’s energy, moving it to lower values where the

process is switched off, permitting further free propagation. Of course, this is generally

the standard LI scenario, but for the shifting of the actual position of the threshold. On
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the other hand, if astrophysical sources injected particle primaries at energies well above

the LIV secondary threshold, they would not suffer attenuation due to photoproduction.

Recovery on the cosmic particle’s primary flux would be expected as a consequence above

the opacity band defined by the thresholds.

5.2.1 The Pion photoproduction case

Figure 5.3: Threshold shifts by LIV in the photon sector for pion photoproduction.
In the left, α1 < 0 while α1 > 0 is in the right.

For example, to illustrate the effects of LIV’s shifts, we have chosen the pion photopro-

duction process by the interaction of a UHECR proton with a CMB-photon. Addition-

ally, let be αp,1 = απ,1 = 0, that is, LIV only affects the photon sector. The results can

be appreciated in Fig. 5.3. In the left, α1 < 0 while α1 < 0 is in the right. In both

figures, the red dotted line is the projection of the LI threshold (α1 = 0). The contin-

ued blue line in the left is the solution to the LIV-threshold equation (5.21), and the

difference indicates the shift threshold energy to lower energy values. In the right, the

two real solutions for the threshold equations are shown, both converge to the critical

value, α1 = 1.67 × 10−45 eV −1. Above this value, primary cosmic protons would avoid

pion photoproduction, and hence the GZK threshold [40, 46, 47]. A small threshold

energy shift to higher energies can be appreciated for values close to this critical value.

A potential smoothing of the effect is possible once the specifics of flux injection and

energy distribution of the photon background be taken into account to calculate the

expected cosmic ray fluxes. Nevertheless, we believe this deserves further consideration

since it may serve to probe the LIV generic approach’s limits.





Chapter 6

Conclusions and remarks

6.1 Conclusions

In the present thesis, we have shown that generic LIV, expressed as the deformation of

particle dispersion relations by energy or momentum dependent functions, can be used

to study the possible LIV physics without relying on specific models, and thus, more

directly and simply.

To demonstrate this, we have addressed three different physical processes relevant in

the study of the propagation to the very to ultra high energy cosmic and gamma rays:

vacuum Cherenkov radiation photon decay and photoproduction processes.

The first process, vacuum Cherenkov radiation, was used to validate the generic ap-

proximation. We have elaborated a calculation for the emission rate, which considers

the standard amplitudes derived from QED rules, but explicitly incorporating the LIV

modification of the photon dispersion relation to order n in the photon momentum. All

LIV effects for fermions were neglected, though, to be able to compare the results to

those of models based on the spontaneous breaking of Lorentz Invariance. The anal-

ysis shows that the emission rate does present the same qualitative behavior as the

outcomes obtained from the modified Maxwell Theory and the Maxwell-Chern-Simons

theory: emission rate grows with the charged particle energy and becomes smaller as αn

does, However, it presents a drop ending threshold which is inversely dependent on the

LIV coefficient. This threshold sets the energy value below which LI physics is recovered.

We have also analyzed the mass and charge composition sensitivity of the emission rate,

and our results show an explicit dependency on the cosmic primary mass and charge,

having a more substantial emission rate for heavier nuclei, but with a similar slope and

a higher energy threshold. Similar results are found when the modified Maxwell Theory
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is used for the calculations. Additionally, we have shown that LIV can motivate a trend

to lighter particles in the UHECR cosmic ray spectrum since the vacuum Cherenkov

radiation threshold changes with the primary cosmic ray mass and charge.

In the second process, we have implemented the LIV generic approach to photon decay

in a vacuum. We have found that photons of sufficient energy are untestable, and once

the decay is allowed, the rate is very efficient; last is stringent for the propagation of the

cosmic ray primary photons. Nevertheless, as we have argued in this thesis, phase space

for outgoing fermions vanishes when photon energy is below critical threshold energy,

defined through the expression

E
(n)
QG > k[(k2 − 4m2)/4m2]1/n.

The total decay rate becomes zero at such energies, and the process is prohibited, so

recovering the standard LI results. Above this threshold, on the other hand, the photon

decay rate quickly becomes very large. Thus, the process strongly restricts the possible

propagation of the photon to very short distances from the source, to the extent that it

becomes unlikely for a primary photon to travel astronomical distances. The aftermath

of this is a novel, direct, and straightforward way to bound the LIV energy scale, E
(n)
QG,

through the direct observation of the very high energy photons. Using reported gamma

telescopes data and photon decay into electron-positron pairs, we have established, for

n = 1, the stringent bound for the LIV scale at EQG > 1.5 × 1020 GeV , coming from

HEGRA most energetic events.

Finally, generic LIV effects incorporated to all particles involved in the most general

photoproduction process, where a high energy cosmic particle interacts with the photon

background, producing two particles in the final state, had been shown to modify the

LI production threshold. Interestingly enough, our analysis shows that LIV effects are

completely general, at first approximation. They do not depend on the particular nature

of the particles involved in the process; neither depend on possible linear corrections

to energy-momentum conservation. Regardless of the specific photoproduction process,

LIV shifts the production threshold towards lower or higher energies. This solely depends

on the sign of the overall LIV parametric function, Λn, that encodes LIV effects and

which enters in a polynomial like the term of order n+1 that corrects the, formerly linear,

threshold equation. Furthermore, as we have argued, these changes imply an upper

bound for the LIV parameter, at Λn < (n+ 1)n+1/(n+ 2)n+2. For larger values of Λn,

photoproduction remains forbidden. Consequently, the shifting on the LIV production

threshold is predicted to be always smaller by a factor of (n+2)/(n+1) for Λn > 0. Even

more importantly, our analysis has uncovered a novel signature for the LIV physics of

photoproduction processes that is worth to underline. Derived from the LIV modification
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to the universal threshold equation, a secondary threshold at higher energies will always

appear, for Λn > 0, where particle production becomes again forbidden. Above such

threshold, cosmic particles shall again propagate freely, giving rise to a possible recovery

on the cosmic ray flux.

6.2 Further work

LIV Cherenkov thresholds. As we have discussed in this thesis, this process shows a

clear dependency on the cosmic primary mass and charge. Passing the proton emission

threshold, protons will be attenuated along with propagation, and the heaviest mass

cosmic ray component would become dominant. As energy passes the threshold for

heaviest masses, the cosmic rays flux should move again towards the lighter component

mass, as a stronger attenuation of heavy particles appears. A detailed calculation of this

that considers the astrophysical models for particle injection is needed to understand

better the extension of the ultra high energy cosmic rays’ effect.

More stringent limits to EQG. The results derived in this thesis for LIV photon decay

are a direct and straightforward way to bound LIV energy scale by the single observation

of cosmic-ray photons. The new and next generations of gamma-ray telescopes would

be able to set new and better limits. The High Altitude Water Cherenkov (HAWC)

is sensitive to gamma-rays in the 100 GeV to 100 TeV energy range. The Cherenkov

Telescope Array (CTA) is the next-generation ground-based observatory for gamma-ray

astronomy at very-high energies. CTA promises to be the world’s largest and most

sensitive high-energy gamma-ray observatory. The observation of a 100 TeV photon on

such observatories may put a bound on E
(1)
QG of the order of 1× 1021 GeV.

Photoproduction thresholds. The physical implications of the purely LIV secondary

threshold are interesting. A cosmic particle primary shall encounter an opaque Universe

along with its propagation, due to photon background, only for primary energies within

the two thresholds. At such energies, photoproduction will attenuate the particle’s

energy, moving it to lower values where the process is switched off, permitting further

free propagation. Of course, this is generally the standard LI scenario, but for the

shifting of the threshold’s actual position. On the other hand, if astrophysical sources

injected particle primaries at energies well above the LIV secondary threshold, they

would not suffer attenuation due to photoproduction. Recovery on the cosmic particle’s

primary flux would be expected as a consequence (above the opacity band defined by the

thresholds). However, for a complete analysis of the processes arbitrary angle emission

has to be considered, as well as the details of the injected primary flux and the photon

background energy distribution. Besides, the second threshold happens at very high
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energies, and few astrophysical sources are known to produce cosmic ray primaries at

such regimes. Even if they do so, candidates are always far enough as to make cosmic

expansion effects to be relevant. Redshift diminishes by itself the energy of propagating

particles, which means that even if a charged particle primary is produced at high enough

energies at source reference frame, local interactions with photon background, on our

observer reference frame, would be happening at lower energies. On our frame, at some

critical distance between source and observer, the cosmic primary might reach energies

where the local Universe becomes again opaque, and energy attenuation would take

place as usual. This may still have, however, distinctive features. It shall effectively

move the second threshold effects towards an apparently higher energy source, whereas

it would move the first threshold closer to the LI value. However, it could also modify the

injected flux in the distance to source dependant way, that, if enough data were available,

could be distinguishable on the features of the observed flux. A comparison among a

set of well-known sources located at different redshifts may serve as a probe to establish

observational bounds for the LIV parameters. We believe that these possibilities deserve

further study.
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Appendix A

The standard model

The standard model of particles (SM) is a relativistic QFT theory concerning the elec-

tromagnetic, weak, and strong interactions 1. The discoveries of the top quark in 1995,

the ντ in 2000, and the recent discovery of the Higgs boson in 2012 have given further

support to the SM. However, there is plenty of experimental confirmation of the SM.

For a review of current measurements and theory of particle physics, see Refs. [76]. In

the standard model, there are 12 elementary particles of spin 1/2 (and its antiparticles),

known as fermions, 12 bosons of spin 1, and one boson of spin 0. Each particle is an

irreducible representation of the Poincare group and is described in terms of a dynamical

field on Minkowski space-time.

The gauge symmetry of the SM is SU(3)×SU(2)×U(1). The SU(3) component corre-

spond to colored quarks and gluons’ interactions described by quantum chromodynamics

(QCD). On the other hand, the standard model of electroweak interactions (EW) is based

on the SU(2)×U(1) group.

The latter includes the gauge bosons W i
µ and Bµ, with i = 1, 2, 3, for the SU(2) and

U(1), respectively. As usual, the corresponding gauge coupling constants will be named

g and g′, hereafter. Under SU(2), the left-handed fermion fields transform as doublets;

thus, let them be

(Ψi)L =

(
νi

l−i

)
and

(
ui

d′i

)
, (A.1)

where d′i =
∑

j Vijdj and V is the Cabibbo-Kobayashi-Maskawa mixing matrix that can

be parametrized by three mixing angles, θij and a CP-violation phase, δ. The index i

stands for the i-th fermion family; there are only three of them in the minimal standard

model. CP-violating is incorporated into the EW model by a single observable phase

1 The present appendix was mainly made following the summaries presented in Ref. [76]. For more
details, the reader could refer to it and its references.
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Vij . An extension of the formalism can be made to include neutrino masses, mixings,

and oscillations.

The right-handed fermion fields are singlets under SU(2) and can be written as

(ψi)R = (l−i )R , (ui)R , and (di)R. (A.2)

where ψi denotes the fermion field.

A complex scalar Higgs doublet generates the elementary particle masses in the SM,

φ =

(
φ+

φ0

)
, (A.3)

through spontaneous symmetry breaking of the potential given by

V(Φ) = µ2φ†φ+
λ2

2
(φ†φ)2. (A.4)

If µ2 < 0, φ develops a vacuum expectation value (VEV), v =
√

2
µ

λ
= (
√

2GF )−1/2 ∼
246 GeV.

After the breaking of the EW gauge symmetry, only a neutral Higgs scalar remains in

the physical particle spectrum. Consequently the Lagrangian for the fermion fields, ψi,

can be written as

LF =
∑
i

ψ̄i

(
i/∂ −mi −

miH

v

)
ψi

− g

2
√

2

∑
i

Ψ̄iγ
µ(1− γ5)(T+W+

µ + T−W−µ )Ψi

− g

2 cos θW

∑
i

ψ̄iγ
µ(giV − giAγ5)ψiZµ

− e
∑
i

Qiψ̄iγµψiAµ,

(A.5)

where2

γµ, are the Dirac γ-matrices;
θW = tan−1(g′/g), is the weak angle;
e = g sin θW , is the positron electric charge, which leads to

αEW = e2/4π, the fine-structure constant;
T+ and T−, are the weak isospin raising and lowering

operators;
Qi, is the charge of ψi in e units;

2Natural units are assumed ~ = c = ε0 = 1 and Minkowski metric (1,-1,-1,-1).
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A = B cos θW +W 3 sin θW , is the photon field;

W± = (W 1 ± iW 2)/
√

2, is the charged weak boson field;
Z = B sin θW +W 3, is the neutral weak boson field;

g
mi

2MW
, is the Yukawa coupling of H to ψi, which

in the minimal model is diagonal;
giV = t3L(i)− 2Qi sin2 θW , is the vector coupling;
giA = t3L(i), is the axial coupling;

t3L(i) = Qi −
1

2
Yi, is the weak isospin of i-th fermion;

Yi, is the hypercharge of i-th fermion.

Additionally, at the lowest order in perturbation theory, i.e., at tree level, the boson

masses in the EW sector are given by

MH = λv, MW =
1

2
gv =

ev

2 sin θW
, Mγ = 0,

MZ =
1

2

√
g2 + g′2v =

ev

2 sin θW cos θW
=

MW

cos θW
.

(A.6)

The first term in Eq. (A.5) corresponds to the kinematic and mass fermion terms. In the

presence of right-handed neutrinos, it gives rise to Dirac neutrino masses. The second

term represents the charged-current weak interaction, which for the coupling of a W±

to an electron and a neutrino gives

L(W± le)
cc =

e

2
√

2 sin θW

[
W−µ l̄eγ

µ(1− γ5)νe +W+
µ ν̄eγ

µ(1− γ5)le)
]
. (A.7)

A similar expression can be written for quarks. In the limit for small momenta compared

to MW , the last expression produces the effective four-fermion interaction after the

identification of the Fermi constant,

GF =

√
2g2

8M2
W

=
1√
2v2

= 1.1663787(6)× 10−5GeV−2. (A.8)

Last argument can be seen by considering for instance νµ e→ νe µ.

The third term in Eq. (A.5) is the weak neutral-current interaction, which includes

the weak isospin of fermions, t3L(i). In table A.1 we show the charge (Qi), hypercharge

(Yi), and isospin values for leptons and quarks in the minimal standard model, where the

hypercharge is the generator of U(1) and satisfies the relation Yi = 2(Qi−t3L(i)). Finally,

the last term describes electromagnetic interactions, or quantum electrodynamics theory

(QED).

In Appendix B, an additional notation is used to separate out the different sectors of

the SM, which includes a classification of fermions in lepton and quark terms to clarify
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Chirality Fields SU(2) Q Y t3L

Leptons left-handed

(
νi
l−i

)
doublet

0
−1

−1
−1

1/2
−1/2

right-handed (l−i )R singlet −1 −2 0

Quarks left-handed

(
ui
di

)
doublet

2/3
−1/3

1/3
1/3

1/2
−1/2

right-handed uR singlet 2/3 4/3 0
dR −1/3 −2/3 0

Table A.1: Charge (Q), hypercharge (Y ) and isospin (t3L) values for leptons and
quarks in the minimal standard model.

the contributions from the spontaneous Lorentz symmetry breaking in the mSME.

Additionally to fermions in EW theory, in QCD, quarks are in the fundamental repre-

sentation of SU(3) color group, so let be ψq,a a quark-field spinor for a quark of flavor

q, mass mq and color index a. However, since quarks have 3-colors, the color index runs

from a = 1 to NC = 3. Additionally, eight kinds of gluons have to be included; thus, let

be ACµ the gluon fields, with C running from 1 to N2
C − 1 = 8, where gluons transform

in the adjoint representation of SU(3) color group. Hence, the Lagrangian of QCD is

given by

LQCD =
∑
q

ψ̄q,a(iγ
µ∂µδa,b − gsγµtCabACµ −mqδab)ψq,b −

1

4
FAµνF

Aµν , (A.9)

where tCa,b correspond to the eight generators of SU(3), which are 3 × 3 matrices. gs is

the coupling constant in QCD and the field-strength tensor FAµνF
Aµν is given by

FAµν = ∂µA
A
ν − ∂νAAµ − gsfABCABµACν , (A.10)

where the structure constants of SU(3), fABC , satisfy [tA, tB] = ifABC . The fundamental

parameters of QCD are the quark masses and the coupling constant, gs, that can be

expressed as

αs =
g2s
4π
. (A.11)

Worth to mention that, although there are three different colors for quarks and gluons,

hadrons are colorless, i.e., color-singlet.

There is a freedom for an additional CP-violating term in the LQCD, and is given by

LCP−vQCD = θQCD
αs
8π
FAµνF̃

Aµν , (A.12)

with F̃Aµν = 1/2εµνσρF
Aσρ, the dual of the gluon field tensor. However, stringent limits

have been set to this parameter. Notice that additionally to θQCD, there are also 18 free
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parameters, which values are experimentally given to the theory and are summarized in

Tab. A.2.

Parameter Experimental value

me, electron mass 0.510998928± 0.000000011 MeV

mµ, muon mass 105.6583715± 0.0000035 MeV

mτ , tau mass 1776.82± 0.16 MeV

mu, up quark mass 2.3+0.7
−0.5 MeV

md, down quark mass 4.8+0.5
−0.3 MeV

ms, strange quark mass 95± 5 MeV

mc, charm quark mass 1.275± 0.025 GeV

mb, bottom quark mass 4.18± 0.03 GeV

mt, top quark mass 173.2± 0.9 GeV

v, Higgs VEV 246 GeV

mH , Higgs mass 125.7± 0.4 GeV

θ12, CKM 12-mixing angle 13.04± 0.05o

θ23, CKM 23-mixing angle 0.201± 0.011o

θ13, CKM 13-mixing angle 2.38± 0.06o

δ, CKM CP-violating phase 1.20± 0.08o

sin2 θW , weak angle 0.23129(5)

αEW , fine structure constant 1/137.035999074(44)

αs(M
2
z ), SU(3) gauge coupling 0.1185± 0.0006

|θQCD|, QCD vacuum angle . 10−11

Table A.2: Free parameters in the mSM and their experimental values reported
in Ref. [76]





Appendix B

The mSME

In the present appendix, we introduce the minimal Lorentz-violating extension of the

standard model (mSME) as it was presented and developed by Collady and Kostelecky

in their 1998 work [11].

The mSME adds to the standard model all possible coordinate-invariant operators

formed by combining SM and gravitational fields. These possible Lorentz-violating

terms are only those that could arise from spontaneous breaking of Lorentz symme-

try at the fundamental level, but that preserves SU(3)×SU(2)×U(1) gauge invariance

and power-counting renormalizability.

Spontaneous Lorentz symmetry breaking may occur in nonlinear gauge electrodynamics

[1], in the context of string theories with Lorentz-covariant dynamics [34], or also in

a framework developed for treating the effects of spontaneous Lorentz breaking in the

context of low energy effective theory [77], among others.

Due to the spontaneous breaking of Lorentz symmetry, LI remains property of the under-

lying fundamental theory, so micro-causality and positivity of the energy are expected to

hold in the low-energy effective theory. Energy and momentum are conserved as usual.

Also, the standard quantization methods are unaffected. Hence the relativistic Dirac

equation and the non-relativistic Schrodinger equation emerge in the appropriate limits.

Since the fundamental theory and the effective low-energy theory are invariant under

observer Lorentz transformation, they are invariant under rotations or boost of an ob-

server’s inertial frame. However, the nonzero tensor expectation values in vacuum affect

only invariance properties under particle Lorentz transformations, that is, rotations or

boost of localized field particles that leave unchanged the background expectation values.

Two types of coefficients arise from the general Lorentz-violating terms. Those that

act as coupling coefficients and those constructed from the basic fields in the standard
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model. The first type carries space-time indices and reflects the properties under observer

Lorentz transformations of the fundamental theory’s nonzero expectation values. The

coupling coefficient may be complex, but the requirement of Lagrangian Hermiticity

constrains it. Additionally, for coefficients of this type with an even number of space-

time indices, the pure trace component is irrelevant since it maintains Lorentz invariance,

and it can be taken traceless. The second type, the field coefficients, involve covariant

derivatives, and γ matrices for those that involve fermions. They are singlets under

SU(3)×SU(2)×U(1) gauge invariance and must have mass dimension no greater than

four due to power-counting renormalizability. Additionally, since the SME originates

from spontaneous Lorentz breaking in a covariant fundamental theory, the field terms

must be a singlet under observer Lorentz transformations. Hence they must have indices

matching those of the coupling coefficient. A summary of the main and general properties

of the coefficients is presented in Tab. B.1 at the end of this section.

All coupling coefficients are assumed to be heavily suppressed by some power of the

ratio among light scale to the Plank scale, and a term with mass dimension n must have

a coupling coefficient with a mass dimension 4− n. Several constraints have been made

so far by different techniques. For the complete list of constraints and limits of the SME

see Ref. [39].

In the following lines, all renormalizable terms compatible with the gauge symmetries of

the standard model and with an origin in spontaneous Lorentz breaking are presented1.

Let be the left and right-handed lepton and quark multiplets

LA =

(
νA

lA

)
, RA = (lA)R,

QA =

(
uA

dA

)
, UA = (uA)R, DA = (dA)R,

where A = 1, 2, 3 labels the flavor:

lA = (e, µ, τ), νA = (νe, νµ, ντ ),

uA = (u, c, t) and dA = (d, s, b).

Additionally, let the Higgs doublet in a unitary gauge be

φ =
1√
2

(
0

rφ

)
,

1 Natural units are assumed ~ = c = ε0 = 1 and Minkowski metric (1,-1,-1,-1).
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and be the Gauge fields Gµ, Wµ and Bµ, with the corresponding field strengths Gµν

and Wµν , Hermitian adjoint matrices, and Bµν a Hermitian singlet. Also, let be the

corresponding couplings g3, g and g′, whereas q stand for the electromagnetic charge

U(1), that satisfies q = g sin θW = g′ cos θW . As usual, we denote the covariant derivative

as Dµ and A
←→
∂ µB = A∂µB − (∂µA)B. Also, let be the Yukawa couplings denoted as

GL, Gu and GD.

Separating out the new contributions into the SU(3)×SU(2)×U(1) SM sectors and by

CPT − even and CPT − odd parts, the Lagrangian terms are as follows.

For the lepton sector,

Llepton =
1

2
iL̄Aγ

µ←→D µLB +
1

2
iR̄Aγ

µ←→D µRB, (B.1)

LCPT−evenlepton =
1

2
i(cL)µνABL̄Aγ

µ←→D µLB +
1

2
i(cR)µνABR̄Aγ

µ←→D µRB, (B.2)

LCPT−oddlepton = −(aL)µABL̄Aγ
µLB + (aR)µABR̄Aγ

µRB. (B.3)

For the quark sector,

LCPT−evenquark =
1

2
iQ̄Aγ

µ←→D µQB +
1

2
iŪAγ

µ←→D µUB +
1

2
iD̄Aγ

µ←→D µDB, (B.4)

LCPT−evenquark =
1

2
i(cQ)µνABQ̄Aγ

µ←→D µQB

+
1

2
i(cU )µνABŪAγ

µ←→D µUB +
1

2
i(cD)µνABD̄Aγ

µ←→D µDB,

(B.5)

LCPT−oddquark = −(aQ)µABQ̄Aγ
µQB − (aU )µABŪAγ

µUB − (aD)µABD̄Aγ
µDB. (B.6)

For the Yukawa sector,

LY ukawa =− 1

2
[(GL)ABL̄Aφγ

µRB

+
1

2
(GU )ABQ̄Aφγ

µUB +
1

2
(GD)ABQ̄Aφγ

µDB] + h.c.,

(B.7)

LCPT−evenY ukawa =− 1

2
[(HL)µνABL̄Aφγ

µσµνRB

+
1

2
(HU )µνABQ̄Aφγ

µσµνUB +
1

2
(HD)µνABQ̄Aφγ

µσµνDB] + h.c.

(B.8)

For the Higgs sector,

LHiggs = (Dµφ)†Dµφ+ µ2φ†φ− λ

3!
(φ†φ)2, (B.9)
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LCPT−evenHiggs =
1

2
(kφφ)µν(Dµφ)†Dνφ+ h.c.

− 1

2
(kφB)µνφ†φBµν −

1

2
(kφW )µνφ†Wµνφ

(B.10)

LCPT−oddHiggs = i(kφ)µφ†Dµφ+ h.c. (B.11)

And for the gauge sector,

Lgauge = −1

2
Tr(GµνGµν)− 1

2
Tr(WµνWµν)− 1

4
BµνBµν , (B.12)

LCPT−evengauge =− 1

2
(kG)κλµνTr(GκλGµν)

− 1

2
(kW )κλµνTr(WκλWµν)− 1

4
(kB)κλµνBκλBµν ,

(B.13)

LCPT−oddgauge =(k3)κε
κλµνTr(GλGµν +

2

3
ig3GλGµGν)

+ (k2)κε
κλµνTr(WλWµν +

2

3
igWλWµWν)

+ (k1)κεκλµνB
λBµν + (k0)κB

κ.

(B.14)

The θ terms and possible analogous total-derivative terms that break Lorentz symmetry

are omitted.
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Sector Coefficient Mass Dim. Notes

Fermion cµν 0 Hermitian in generation space

Fermion aµ 1 Hermitian in generation space.
Symmetric and antisymmetric but
traceless2.

Yukawa Hµν 0 Antisymmetric. Not necessarily
Hermitian in generation space.

Higgs kφφ 0 Can have symmetric real and anti-
symmetric imaginary parts.

Higgs kφB, kφW 1 Must be real and antisymmetric.

Higgs kφ 1 Can be an arbitrary complex num-
ber.

Gauge kG,W,B 0 Real. Must have the symmetries of
the Riemann tensor and vanishing
double trace.3

Gauge k1,2,3 1 Real.

Gauge k0 3 Real4.

Table B.1: Remarks on mSME coefficients.

B.1 The Pure-photon sector

In the present thesis, the mSME sector of interest is the U(1) gauge-invariant pure-

photon sector, where

Lphoton = −1

4
FµνF

µν , (B.15)

LCPT−evenphoton = −1

4
(kF )κλµνF

κλFµν , (B.16)

LCPT−oddphoton = +
1

2
(kAF )κεκλµνA

λFµν . (B.17)

The couplings (kF )κλµν arise from LCPT−evengauge in Eq. (B.13). And similarly to kG,W,B,

they are real and dimensionless and can be taken to have the symmetries of the Riemann

tensor. Similarly, (kAF )κ arises from LCPT−oddgauge in Eq. (B.14) and it is real and has mass

dimensions one.

The coupling (kF )κλµν can be taken as double traceless,

kµνµν = 0, (B.18)

2A nonzero trace would not contribute to Lorentz violation and can be absorbed by a conventional
field normalization.

3Any totally antisymetric part involves only a total derivative in the L, while a nonzero double trace
can be absorbed into a redefinition of the normalization of the corresponding kinetic term Lgauge.

4Is desirable that all the coefficients k0,1,2,3 vanish since they should generate instabilities in the
minimal theory.
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since any trace component can be renamed through simple field redefinition in the kinetic

term Lphoton, such that, it just leads to a field renormalization.

For certain calculations, like the ones presented in this thesis and in Ref. [11, 35], it is

certainly useful to decompose the coefficient kf into its two Lorentz-irreducible parts,

one with ten independent components as the Weyl tensor in GR and the other with nine

components analogous to the trace-free Ricci tensor. It is also demanded to obey the

same symmetries which hold for the Riemann curvature tensor,

kµνρλ = −kνµρλ = kνµλρ, kµνρλ = kρλµν , (B.19)

such that, only 19 total independent components remain. Moreover, only the (00)

component of the trace-free Rici-tensor analog is associated with the invariant terms

under particle rotations.

Similarly, only one of the four independent components of the coefficient kAF , the time-

like component, k0AF , is associated with the terms under invariant particle rotations.
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[66] H. Mart́ınez-Huerta and A. Pérez-Lorenzana. Vacuum Cherenkov radiation and

photon decay rates from generic Lorentz Invariance Violation. J. Phys. Conf.

Ser., 761(1):012035, 2016. doi: 10.1088/1742-6596/761/1/012035.
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